
portant Vocabulary 
you encounter each new vocabulary term in this chapter, add the term and its definition to your notebook glossary. 

gebraic functions (p. 216) 
anscendental functions (p. 216) 
ponential function with base a 
. 216) 
ural base (p. 220) 

atural exponential function (p. 220) 
garithmic function with base a 

229) 

• common logarithmic function 
(p. 230) 

• natural logarithmic function (p. 233) 
• change-of-base formula (p. 240) 
• exponential growth model (p. 258) 
• exponential decay model (p. 258) 
• Gaussian model (p. 258) 

• logistic growth model (p. 258) 
• logarithmic models (p. 258) 
• normally distributed (p. 262) 
• bell-shaped curve (p. 262) 
• logistic curve (p. 263) 
• sigmoidal curve (p. 263) 

ditional Resources  Text-specific additional resources are available to help you do well in this course. See page xvi for details. 
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Exponenttal and 
• „ 

Logarithmic Functions 
3.1 Exponential Functions and Their Graphs 

3.2 Logarithmic Functions and Their Graphs 

3.3 Properties of Logarithms 

tOM and Interne 
irovide answers 
I Cumulative Te 
ter Pre-Tests (di 
ncepts covered in 
d Chapter Post-
have randomly 
iith diagnostic 

3.4  Solving Exponential and Logarithmic Equations 

3.5  Exponential and Logarithmic Models 

In this chapter you will learn how to 

u recognize, evaluate, and graph exponen-
tial and logarithmic functions. 

u rewrite logarithmic functions with 
different bases. 

u use properties of logarithms to evaluate, 
rewrite, expand, or condense logarithmic 
expressions. 

o solve exponential and logarithmic 
equations. 

u use exponential growth models, exponen-
tial decay models, Gaussian models, 
logistic models, and logarithmic models 
to solve real-life problems. 

u fit exponential and logarithmic models to 
sets of data. 

Personal savings as a percent of disposable income was 3.9% in 1997 and disposable per capita 

income was S21,969, So, the per capita personal savings was 8856.79. (Source: U.S. Bureau of 

Economic Analysis) 



• How to recognize and evaiti 
ate exponential functions with 
base a 

• How to graph exponential 
functions 

• How to recognize, evaluate, 
and graph exponential func. 
tions with base e 

• How to use exponentiz func-
tions to model and solve 
real-life problems 

You Should Learn It: 

Display 

0.1166291 

0.1133147 

5.8998877 

0.4647580 
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Exponential Functions 

So far, this text has dealt mainly with algebraic functions, which include poly-
nomial functions and rational functions. In this chapter you will study two types 
of nonalgebraic functions—exponential functions and logarithmic functions. 
These functions are examples of transcendental functions. 

Definition of Exponential Function 

The exponential function f with base a is denoted by 

f(x)  =  ax 

where a > 0, a 1, and x is any real number. 

Note that in the definition of an exponential function, the base a = 1 is excluded 
because it yields f(x) = P = 1. This is a constant function, not an exponential 
function. 

You already know how to evaluate az for integer and rational values of x. For 
example, you know that 43  = 64 and 41/2  = 2. However, to evaluate 4x for any 
real number x, you need to interpret forms with irrational exponents. For the pur-
poses of this text, it is sufficient to think of 

cr/i (where 1.41421356) 

as the number that has the successively closer approximations 

al A, a I Al, a1 414, a14142, a141421 

Example 1 shows how to use a calculator to evaluate an exponential expression. 

Exponential functions are useful 
in modeling data that increase

 

or 
decrease quickly. For instance, 
Exercise 77 on page 227 shows ' 
how to use an exponential func-
tion to model the amount of defo-
liation caused by a gypsy moth. 

You Should Leal 

GraPil 
The g" 

\ Jaw 

EXAN 

x 

2X 1 

The t 
ing ut 

EXA 

In the 

a. F( 

The t 
graph 
grap 

EXAMPLE 1 Evaluating Exponential Expressions 

Use a calculator to evaluate each expression. 

a. 2-11 b. 2-7 c. 1250 d. (0.6)3/2 

Solution 

Number Graphing Calculator Keystrokes 

a. 2-3.1 2 0 3.1  

b. 2- /r 2 (I) 0 IT  

C. 125 /7 12 00 5 7 (I)  

d.(0.6)3/2 .6 EC3220  

ENTER 

ENTER 

ENTER 

ENTER 



Figure 3.1 

3 

Figure 3.2 

F(x) = 2- x = 
( i

) x and G(x) = 4- x = (1) x 
4 
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Library of Functions 
The exponential function 
f(x) = ax is different from all 
the functions you have studied so 
far because the variable x is an 
exponent. The domain, like those 
of polynomial functions, is the set 
of all real numbers. 

Consult the Library of 
Functions Summary inside the 
front cover for a description of 
the exponential function. 

Learn It: 

ons are useful 
hat increase or 
7,or instance, 
;e 227 shows 
mential func-
mount of defo-
. gypsy moth. 

Gra phs  of Exponential Functions 

The
 graph s of all exponential functions have similar characteristics, as shown in 

fxaraples 2, 3, and 4. 

ExAMPLE 2  Graphs of y = ax 

In the same coordinate plane, sketch the graph of each function. 

a. f(x)  2. b. g(x) = 4x 

T5h°ellittaib°len  below lists
.

 some values for each function, and Figure 3.1 shows the 

graphs  of both functions. Note that both graphs are increasing. Moreover, the 

raph of g(x) i = 4x s increasing more rapidly than the graph of f(x) = 
g  

 

-2 -1 0 1 2 3 

2' 4 2 1 2 4 8 

 

16 4 1 4 16 64 

The table in Example 2 was evaluated by hand. You could, of course, use a graph-

ing utility to construct tables with even more values. 

EXAMPLE 3  Graphs of y = a— z 

In the same coordinate plane, sketch the graph of each function. 

a. F(x) = 2- x b. G(x) = 4- x 

Solution 
The table below lists some values for each function, and Figure 3.2 shows the 
graphs of both functions. Note that both graphs are decreasing. Moreover, the 
graph of G (x) = 4- x is decreasing more rapidly than the graph of F (x) = 2- x . 

x -3 -2 -1 0 1 2 

2-x 8 4 2 1 -12' 1 4 

4 64 16 4 1 4 16 

In Example 3, note that the functions F(x) = 2- x and G(.4' = 4- x can be rewrit-
ten with positive exponents. 

G(x) = 4-xj 4 

3 



(b) 
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Comparing the functions in Examples 2 and 3, observe that 

F(x) = 2- x = f (-4 and G(x) = 4- x = g(-4. 

Consequently, the graph of F is a reflection (in the y-axis) of the graph of f, as 
shown in Figure 3.3(a). The graph of G and g have the same relationship, as 
shown in Figure 3.3(b). 

(a) 

Figure 3.3 

STUDY TIT, 

Notice that the range of an 
exponential function is (0, o-
which means that ax > 0 for 
values of x. 

The graphs in Figures 3.1 and 3.2 are typical of the exponential functions ax and 
a- x. They have one y-intercept and one horizontal asymptote (the x-axis), and 
they are continuous. The basic characteristics of these exponential functions are 
summarized in Figure 3.4. 

Graph of y = ax, a > 1 

• Domain: (— no, no) 

• Range: (0, no) 

• Intercept: (0, 1) 

• Increasing 

• x-axis is a horizontal asymptote 
(ax 0 as x—>—no) 

• Continuous 

Figure 3.4 

Graph of y = a- x, a > 1 

• Domain: (—no, no) 

• Range: (0, co) 

• Intercept: (0, 1) 

• Decreasing 

• x-axis is a horizontal asymptote 
(a- x—> 0 as x—> oc) 

• Continuous  

se a graphing utility to gra 
= ax with a = 3, 5, and 7 
e same viewing window. ( 

a viewing window in which 
—2 5. x 1 and 0 y 2. 
How do the graphs compare 
with each other? Which graph 
on the top in the interval 
(—no, 0)? Which is on the bo 
torn? Which graph is on the to 
in the interval (0, no)? Which 
on the bottom? Repeat this 
experiment with the graphs of 
y = ax for a = 1,i, and (Us 
a viewing window in which 
—1 x 2 and 0 y 2.) 
What can you conclude abo -What 

shape of the graph of y = 

, d the value of a? 



(a) (b) 

(d) (c) 
Figu re 3.5 
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he  following example, notice how the graph of y = ax can be used to sketch 

graphs of functions of the form 

f(x) b ± ax+c • 

EXAMPLE 4  Transformations of Graphs of Exponential Functions 

Each of the following graphs is a transformation of the graph of f(x) = 3, as 

shown in Figure 3.5. 

Because g(x) = 3x+1 = f(x + 1), the graph of g can be obtained by shift-
ing the graph of f one unit to the left. 

Because h(x) = 3x — 2 = f(x) — 2, the graph of h can be obtained by shift-
ing the graph of f down two units. 

Because k(x) = — 3x = —f(x), the graph of k can be obtained by reflecting the 

graph of f in the x-axis. 

Because j (x) = 3- x = f (— 4, the graph of f can be obtained by reflecting the 
graph of f in the y-axis. 

3 

g

 (x ) = 3 X + 1 

3 

In Figure 3.5, notice that the transformations in parts (a), (c), and (d) keep the 
x-axis as a horizontal asymptote, but the transformation in part (b) yields a new 
horizontal asymptote of y -= —2. Also, be sure to note how the y-intercept is 
affected by each transformation. 

-5 4 

-ef 

f(x)= 3x h(x)= 2 I 

-3 

a. 

b. 

C. 

d. 

A computer animation of this example 
appears in the Interactive CD-ROM and 
Internet versions of this text. 

3 

3 

STUDY TIP 

The following table shows some 
points of the graphs in Figure 
3.5(a). The functions f(x) and 
g(x) are represented by Yi and 
Y2, respectively. Explain how 
you can use the table to describe 
the transformation. 

X Y1 Y2 
-3 
-2 
—1 
o 
1 
2 
3 

0.03704 
0.11111 
0.33333 
1 
3 
9 
27 

0.1111 
0.3333 
1  
3 
9 
27 
81 

X=-3 

lity to graph 
, 5, and 7 in 
xindow. (Us 
in which 

y 2.) 
; compare 
Thich graph 
Lterval 
; on the hot-
is on the top 
c)? Which is 
peat this 
e graphs of 
, and (Use 
in which 

y 2.) 
;lude about 
aph of y -= 

TIP 

ge of an 
m is (0, oo) 
zx > 0 for all 



Use your graphing utility to 
graph the functions 

y1  = 2x 

Y2 = ex 

Y3 = 3x 

in the same viewing window. • 
From the relative positions of 
these graphs, make a guess as 
the value of the real number e. 
Then try to find a number a 

ikuch  that the graphs of y2  --- e 
d y4  = ax are as close as 

possible. 

g(x) 

-3 
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The Natural Base e 
For many applications, the convenient choice for a base is the irrational number 

e 2.71828 . . . . 

This number is called the natural base. The function f(x) = ex is the natural 
exponential function. Its graph is shown in Figure 3.6. Be sure you see that for 
the exponential function f(x) = ex, e is the constant 2.71828 . . . , whereas x is 
the variable. 

f(x) = ex 

 

(1 ) 

   

Figure 3.6 The Natural Exponential Function 

In Example 5, you will see that the number e can be approximated by the 
expression 

(
x 

1 + —
1) 

for large values of x. 
XI 

EXAMPLE 5  Approximation of the Number e 

Evaluate the expression [1 + (1/4? for several large values of x to see that the 
values approach e 2.71828 as x increases without bound. 

Domain: (— co, co) 

Range: (0, co) 

3 Intercept: (0, 1) 

Graphical Solution  

Use a graphing utility to graph 

yi  = [1 + (1/x)}' and Y2 = e 

in the same viewing window, as shown in 
Figure 3.7. Use the trace feature of the graph-
ing utility to verify that as x increases, the 
graph of y1  gets closer and closer to the line 

Y2 = e. 

x .0 100 1000 

(i +1 2.59374 2.70481 2.71692 
XI 

   

Numerical Solution 

Create a table of values for the function y = [1 + (1/41x, beginning 
at x = 10 and increasing the x-values as shown in the table below. 

After 
as sho 
graph 

1 1 1 1 1 1 1 1 1 

= 
= e 

10 

Figure 3.7 

x 10,000 100,000 1,000,000 

(1 + 1 )x 
x 

2.71815 2.71827 2.71828 

From the table, it seems reasonable to conclude that 

(1 + —1)x  e as x 

--I  
- 4 -3 

(a) 

Figure  3 
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(a) 

Figure 3.8 
(b) 

Use a graphing utility to graph 
y = (1 + x)ux. Describe the 

'behavior of the graph near 
x = 0. Is there a y-intercept? 
How does the behavior of the 
graph near x = 0 relate to the 
result of Example 5? Create a 
table that shows values of y for 
values of x near x = 0 to help 
you describe the behavior of the 
graph near this point. 

The Interactive CD-ROM and Internet 
versions of this text show every example 
with its solution; clicking on the Try It! 
button brings up similar problems. 
Guided Examples and Integrated 
Examples show step-by-step solutions to 
additional examples. Integrated Examples 
are related to several concepts in the 
section. 

rati 
utility to 

g window. 
lositions of 
; a guess as t 
ti number e. 
lumber a 
s of y2  = x 
close as 

x)]x, beginning 
table below. 

EXAMPLE 6  Evaluating the Natural Exponential Function 

Use a calculator to evaluate each expression. 

-2 b. e-1 c. el d. e2 a, e 

Solution 

Number 

a, e -2 

b. e-1 

c. el 

d. e2 

Graphing Calculator Keystrokes Display 

E (E) 2 (ENTER 0.1353353 

 

0.3678794 CHM ENTER 

 

2.7182818 11 ENTER 

 

7.3890561 E 2 ENTER 

EXAMPLE 7  Graphing Natural Exponential Functions 

Sketch the graph of each natural exponential function. 

a. f  (x) =  2e0.24x b. g(x) = 1-e-0.58x 

Solution 
To sketch these two graphs, you can use a calculator to construct a table of values, 
as shown below. 

I, 

x -3 -2 -1 0 1 2 3 

f(x) 0.974 1.238 1.573 2.000 2.542 3.232 4.109 

g(x) 2.849 1.595 0.893 0.500 0.280 0.157 0.088 

After constructing the table, plot the points and connect them with smooth curves, 
as shown in Figure 3.8. Note that the graph in part (a) is increasing, whereas the 
graph in part (b) is decreasing. Use a graphing calculator to verify these graphs. 

7-

 

6  

5  

4  

.

 

e° 4x 

3  

A 

>x 
_ 

7  
A 

6  

5  
14 

3  got =  (x) a 

—3 3 L. 
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Compound Interest 

One of the most familiar examples of exponential growth is that of an investment 
earning continuously compounded interest. Suppose a principal P is invested at 
an annual interest rate r, compounded once a year. If the interest is added to the 
principal at the end of the year, the balance is P1  = P + Pr = P(1 + r). This 
pattern of multiplying the previous principal by 1 + r is then repeated each suc-
cessive year, as shown in the table. 

Time in Years Balance After Each Compounding 

o P=P 

1 Pi  = P(1 + r) 

2 P 2 = Pi(1 ± r) = PO + r)(1 + r) = P(1 + r)2 

• . . 

n Pn  = PO ± On 

To accommodate more frequent (quarterly, monthly, or daily) compounding of 
interest, let n be the number of compoundings per year and let t be the number of 
years. (The product nt represents the total number of times the interest will be 
compounded.) Then the interest rate per compounding period is rin, and the 
account balance after t years is 

A = P(1 + —
ry 

Amount with n compoundings per year 

If you let the number of compoundings n increase without bound, you approach 
continuous compounding. In the formula for n compoundings per year, let 
m = fir. This produces 

A
 = 

p
(
i = p

(
i 

\mrt 
= p

R
i

 

nj m) 

As m increases without bound, you know from Example 5 that [1 + (1/m)]m 
approaches e. So, for continuous compounding, it follows that 

[1 ynr 
P(1 — 

m 

and you can write A = Pen. This result is part of the reason that e is the "natural" 
choice for a base of an exponential function. 

Formulas for Compound Interest 

After t years, the balance A in an account with principal P and annual interest 
rate r (expressed as a decimal) is given by the following formulas. 

1. For n compoundings per year: A = P(1 + —r)nt 

2. For continuous compounding: A = Pe" 

P[e]rt 

Explord 
EXAI 

se the formula 

A = P(1 + f) 
n 

to calculate the amount in an 
account when P = $3000, 
r = 6%, t = 10 years, and t 
number of compoundings i 

- (1) by the day, (2) by the hour, 1

 

3) by the minute, and (4) by the 
econd. Use these results t( pie-

'sent an argument that incrc ,inp, 
the number of compoundin 

b 

J 

does not mean unlimited g, 
f the amount in the accou L. 

sur 
annua 

Using 
comp( 

A 

A 

So, th 
be alp( 

STUDY TIP 

The interest rate r in the for. 
mula for compound interest 
should be written as a decimal. 
For example, an interest rate of 
7% would be written r = 0.07. 

EXA 

A computer simulation of this concept 
appears in the Interactive CD-ROM an 
Internet versions of this text. 

A tot 

after 

a: qu 

Solij 
a. Ft 

b. Fl 

c. F 



b. 

C. 

AI ohmic Solution 

In this case, 

p 9000, r = 8.5% = 0.085, n = 1, t = 3. 

Using the formula for compound interest with n 
compoundings per year, you have 

A = P( 1  ± 

A =  9000(1 +
 0.085)1°1 

1 ) 

9000(1.085)3 

Formula for 
compound interest 

Substitute values 
for P, r, n, and t. 

Simplify. 

$11,495.60. Use a calculator. 

So, the balance in the account after 3 years will 
be about $11,495.60. 
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EXAMPLE 8  Finding the Balance for Compound Interest 

A 
son of $9000 is invested at an annual interest rate of 8.5%, compounded 

annually. Find the balance in the account after 3 years. 

Graphical Solution 

Substitute values for P, r, and n into the formula for compound 
interest with n compoundings per year as follows. 

A = P(1 + —r) nt 

0.085) 0'  
= 9000(1 

+( 

1 ) 

= 9000(1 ± 0.085)t Simplify. 

Use a graphing utility to graph y = 9000(1 + 0.085)x, as shown 
in Figure 3.9. Using the value feature or zoom and trace features, 
you can approximate the value of y when x = 3 to be about 
11,495.60. So, the balance in the account after 3 years will be 
about $11,495.60. 

31,000 
y = 9000(1 + 0.085)x 

0  X=3 i i i  Y=11495.602  9.4 
0 

Figure 3.9 

EXAMPLE 9  Finding Compound Interest 

A total of $12,000 is invested at an annual interest rate of 9%. Find the balance 
after 5 years if it is compounded 

a. quarterly. b. monthly. c. continuously. 

Solution 
a. For quarterly compoundings, n = 4. So, in 5 years at 9%, the balance is 

A = P(1 + =  12,000( 1  + ) 
4 ) 

= $18,726.11. 
0.09 4(5)  

For monthly compoundings, n = 12. So, in 5 years at 9%, the balance is 

A = P(1 + =  12,000(1 + 
) 

0.09 12(5) 
12 

= $18,788.17. 

For continuous compounding, the balance is 

A = Pert =  12,000e.09(5)  = $18,819.75. 

Note that continuous compounding yields more than quarterly or monthly 
compounding. 

Formula for compound interest 

Substitute values for P, r, and n. 
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Other Applications 
Exponential functions are used in various other applications. 

EXAMPLE 10  Radioactive Decay 

Let y represent the mass of a quantity of a radioactive element whose half-life is 
25 years. After t years, the mass (in grams) is y = 10(1)n 25 

a. What is the initial mass (when t = 0)? 

b. How much of the initial mass is present after 80 years? 

Algebraic Solution 

a. y = 10(7 25 
2 

= 10(1)0/25 

Write original equation. 

Substitute 0 for t. 

Graphical Solution 

Use a graphing utility to graph y = 104r25. 

a. Use the value feature or zoom and trace features of the 
graphing utility to determine that the value of y when 
x = 0 is 10, as shown in Figure 3.10. So, the initial mass 
is 10 grams. 

b. Use the value feature or zoom and trace features of the 
graphing utility to determine that the value of y when 
x = 80 is about 1.088, as shown in Figure 3.11. So, about 
1.088 grams is present after 80 years. 

In E 
expri 

1. ( 

3. 

5. • 
7. e 

9. e 

Thini 
expo' 
the sk-

 

11. f 

13. 

12 12 

 

   

 

X=0 Y=10 

Y = 1 0 (1)xl  2 5 

= 10 Simplify. 

So, the initial mass is 10 grams. 

b. y = 10( y —2 
1 /25 

Write original equation 

Substitute 80 for t. 

Simplify. 

160 
X=80 0=1.0881882 

160 0  

-2 

Figure 3.11 

=
 10(

1)80/25 
2 

= 10(1)3.2 

1.088 Use a calculator. 

So, about 1.088 grams is present after 80 years. 
-2 

Figure 3.10 

EXAMPLE 11  Population Growth 

The approximate number of fruit flies in an experimental population after t hours is 

Q(t) = 200-133r, t > 0. 

a. Find the initial number of fruit flies in the population. 

b. How large is the population of fruit flies after 72 hours? 

c. Sketch the graph of Q. 

Solution 
a. To find the initial population, evaluate Q(t) at t = 0. 

Q(0) = 20e0.03(0) 20e° = 20(1) = 20 flies 

b. After 72 hours, the population size is 

Q(72) = 20em3(72) = 20e2.16 173 flies. 

c. The graph of Q is shown in Figure 3.12. 

200 
160 o 

ki 4 120 

.14  so 
Z 5  40 

60 80 

Time (in hours) 

Figure 3.12 



5 

6 

2 (h) 

In Ex 
with i 
(d), (e 

ercises 15-22, match the exponential function 
ts graph. [The graphs are labeled (a), (b), (c), 
I, (f), (g), and (h).] 

-8 -8 

(e) 8 8 (f) 

6 6 

36. f(x) = Grx 

38. f(x) = 2/-1 

40. f(x) = e- / 

42. f(x) = 2e- a5x 

44. f(x) = 4x-3  + 3 4 43. f(x) -= 2 + ex-5 

In Exercises 35-44, use a graphing utility to construct 

5 
a table of values for the function. Then sketch the 
graph of the function. 

35. f(x) = 
37. f(x) = 6/ 
39. f (x) _ 3x+2 

41. f(x) = 3ex+4 

-2 -2 
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features of the 
ilue of y when 
the initial mass 

features of the 
alue of y when 

3.11. So, about 

k2) 

= 20e003r, t > 0 

40 60 80 

; (in hours) 

27. g(x) = 5x 

29. f(x) = (-Dx  = 5-1 

31. h(x) = 5/ -2 

33. g(x) = 5- x - 3 

28. f(x) = 

30. h(x) = ( .32-) x 

32. g(x) = ( i)x  ± 2 

34. f(x) = (3)x +2 

("T•••••1 

Y=1.0881882  
160 

4 

In Exercises 27-34, graph the exponential function by 
hand. Identify the following features of the graph. 

(a) Asymptotes 

(b) Intercepts 

(c) Increasing or decreasing 

he Interactive CD-ROM and Internet versions of this text contain step-by-step solutions to all odd-numbered Section and 
eview Exercises. They also provide Tutorial Exercises, which link to Guided Examples for additional help. 

-2 -2 

(c) 

-6 

(d) 

4 -5 

8 8 

Exercises 1-10, use a calculator to evaluate the in  
expression. Round your result to three decimal places. 

1. (3 
3. 

5. V 
7. el 

9. e9 

eTxhinok 
pn

 

the sa 

i. (x) 
f= 3X_ 2 

g( 3x 9 

h(e) = (3x) 

13. f(x) = 16(4- x) 

g(c)
 _ (iy- 2 

h(C) = 16(2-2x) 

(g) 
4 

5 

-8 

15. f(x) = 2/ 16. f(x) = 

17. f(x) = 2-x 18. f(x) = 

19. f(x) 2/ - 4 20. f(x) = 2x + 1 

21. f(x) = 

 

22. f(x) = 2x-2 

In Exercises 23-26, use the graph off to describe the 
transformation that yields the graph of g. 

23. f(x) = 3/, g(x) = 3x - 

24. f(x) = - 2x , g(x) = 5 - 2-

 

25. f(x) = g(x) = 
-() x+4

  

26. f(x) = 0.3x, g(x) = -0.3x + 5 

2. 5000(2-15) 

4. 5-7r 

6. 100•/2 

8. e-314 

10. e37  

About It In Exercises 11-14, use properties of 
ents to determine which functions (if any) are 
ne. 

12. f(x) = 4/ + 12 

g(x) = 22x± 6 

h(x) = 64(4x) 

14. f(x) = 5- x + 3 

g(x) = 53-x 

h(x) = - 5x - 3 

2 2 (b) (a) 

5 5 5 5 

/2 

2 

4)6.8 

7493 

5 

-5 
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In Exercises 45-52, use a graphing utility to graph the 
exponential function. Identify any asymptotes of the 
graph. 

45. y = 46. y = 3- 1x1 

47. y = 3x-2  + 1 48. y = 4x +1  - 2 

49. y = 1.08-5x 50. s(t) = 2e° 12t  

51. s(t) = 3e- °2' 52. g(x) = 1 + e-  x 

53. Exploration Consider the functions f(x) = 3x and 
g(x) = 4x . 

(a) Use a graphing utility to complete the table, and 
use the table to estimate the solution of the 
inequality 4x < 3x. 

x -1 -0.5 0 0.5 1 

f(x) 

     

g(x) 

     

(b) Use a graphing utility to graph f(x) and g(x) in 
the same viewing window. Use the graphs to 
solve the inequalities. 

(i) 4x < 3x (ii) 4x > 3x 

54. Exploration Consider the functions 
and g(x) = (i) . 

= 

(a) Use a graphing utility to complete the table, and 
use the table to estimate the solution of the 

tiv i\x inequality u) < t 1) . 

x -1 -0.5 0 0.5 1 

f(x) 

     

g(x) 

     

(b) Use a graphing utility to graph f(x) and g(x) in 
the same viewing window. Use the graphs to 
solve the inequalities. 

(i) < (1)x (i)x >. (1)x 

In Exercises 55-58, use a graphing utility to (a) graph 
the function and (b) find any asymptotes numerically 
by creating a table of values for the function. 

8 8  
55. f(x) = 56. g(x) = 

1 + - ea 5x 1 + 

6 6  
57. f(x) = 58. f(x) =- 

2 - e° 2x 2 - e0.2/x  

In Exercises 59-62, (a) use a graphing utility to gra, 
the function, (b) use the graph to find the open jute7 
vals on which the function is increasing and decrea,,: 
ing, and (c) approximate any relative maximum 
minimum values. 

59. f(x) = x 2e- x 60. f(x) = 2x2ex+ I 

61. f(x) = x(23-x) 62. f(x) = -(x)3x+4 

Compound Interest In Exercises 63-66, comp 
the table to determine the balance A for P dollars 
vested at rate r for t years and compounded n • 
per year. 

 

1 2 4 12 365 Continuous 

A 

     

63. P = $2500, r = 8%, t = 10 years 

64. P = $1000, r = 6%, t --- 10 years 

65. P = $2500, r = 8%, t = 20 years 

66. P = $1000,r = 6%, t= 40 years 

Compound Interest In Exercises 67-70, complete 
table to determine the balance A for $12,000 invested 
at a rate r for t years. 

1 10 20 30 40 50 

A 

67. r = 8%, compounded continuously 

68. r = 6%, compounded continuously 

69. r = 6.5%, compounded monthly 

70. r = 7.5%, compounded daily 

71. Demand Function The demand equation fo 
certain product is 

P = 5000(1  4 ± e-o.002x) 
4 

where p is the price and x is the number of units. 

(a) Use a graphing utility to graph the demand func-

tion for x > 0 and p > 0. 

(b) Find the price p for a demand of x = 500 units' 

(c) Use the graph in part (a) to approximate the 

highest price that will still yield a demand of al 
least 600 units. 

(d) Verify your answers to parts (b) and (c) ram°. 
cally by creating a table of values for the functi 



ally to graph 
he open inter. 
; and deereas, 
maximum or 

2x2e +1 

— (143x ± 4 

-66, complete 
r P dollars in. 
anded n times 

1, complete the 
2,000 inveAed 

2. Graphical Reasoning There are two options for 

nivesting $500. The first earns 7% compounded 
annually, and the second earns 7% simple interest. 
The  figure shows the growth of each investment over 
a  30-year period. 

(a) Identify the two types of investments in the 
figure. Explain your reasoning. 

(b) Verify your answer in part (a) by finding the 
equations that model the investment growth and 
using a graphing utility to graph the models. 

5000 

4000 

g 3000 

0  2000 

1000 

73. Bacteria Growth A certain type of bacteria 
increases according to the model 

P(t) = 1000.2197r 

where t is the time in hours. 

(a) Use a graphing utility to graph the model. 

(b) Use a graphing utility to approximate P(0), P(5), 
and P(10). 

(c) Verify your answers in part (b) algebraically. 

74. Population Growth The population of a town 
increases according to the model 

P(t) = 2500e° 293t 

where t is the time in years, with t = 0 correspond-
ing to 1990. 

(a) Find the population in 1992, 1995, and 1998. 

(b) Use a graphing utility to graph the function for 
the years 1990 through 2015. 

(c) Use a graphing utility to approximate the popu-
lation in 2005 and 2010. 

(d) Verify your answers in part (c) algebraically. 
75. Radioactive Decay Let Q (in grams) represent the 

mass of a quantity of radium 226, which has a half-
life of 1620 years. The quantity of radium present 
after t years is 
Q  20/162o

.
 

(a) Determine the initial quantity (when t = 0). 

(b) Determine the quantity present after 1000 years.  
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(c) Use a graphing utility to graph the function over 
the interval t = 0 to t = 5000. 

(d) When will the quantity of radium be 0 grams? 
Explain. 

76. Radioactive Decay Let Q (in grams) represent the 
mass of a quantity of carbon 14, which has a half-life 
of 5730 years. The quantity present after t years is 
Q = 10(1Y/573°. 
(a) Determine the initial quantity (when t = 0). 
(b) Determine the quantity present after 2000 years. 

(c) Sketch the graph of the function over the interval 
t = 0 to t = 10,000. 

77. Data Analysis To estimate the amount of defolia-
tion caused by gypsy moths, a forester counts the 
number x of egg masses on 4+)  of an acre (circle 
of radius 18.6 feet) during the fall. The percent of 
defoliation y the next spring is shown in the table. 
(Source: USDA Forest Service) 

x 0 25 50 75 100 

y 12 44 81 96 99 

3 + 17e-o.o65x • 
Use a graphing utility to graph the model in the 
same viewing window used in part (a). How well 
does the model fit the data? 

(c) Use a graphing utility to create a table comparing 
the model with the sample data. 

(d) Estimate the percent of defoliation if 36 egg 
masses are counted on 4i acre. 

(e) Use the graph to estimate the number of egg 
1 2 masses per T)  acre if approximately of the for-

est is defoliated the next spring. 

78. Data Analysis A cup of water at an initial temper-
ature of 78°C is placed in a room at a constant 
temperature of 21°C. The temperature of the water is 
measured every 5 minutes for a period of hour. The 
results are recorded in the table, where t is the time 
(in minutes) and T is the temperature (in degrees 
Celsius). 

t 0 5 10 15 20 25 30 

T 78.0° 66.0° 57.5° 51.2° 46.3° 42.5° 39.6° 

quation for a 

Der of units. 

; demand func-

x = 500 units. 

)proximate the 
demand of at 

Lnd (c) numeri-
or the function. 

5 10 15 20 25 30 

Year 

(a) 

(b) 

Use a graphing utility to plot the data points. 

300 
A model for the data is y = 



(a) yl  = 1 + —
1! 

 

(b) y2  = 1 + —
1! 

+ 

 

x x2 .X3 
(c) y3  = 1 + —

1! 
+ —

2! 
+ —

3! 

In your opinion, which function is the best ap 
imation of y = ex? 

x2  + 3 
93' f(x)  = x +1 x - 7 

4x 2x3 
94. f(x) - 95. f(x) = 

x2  + llx + 24 (x - 

f(x) = 10x. 

82. e - 271'801 
99,990 

81. The x-axis is an asymptote for the graph of 2x 
92. f(x) = 
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(a) Use the regression capabilities of a graphing 
utility to fit a line to the data. Use the graphing 
utility to plot the data points and the regression 
line in the same viewing window. Does the data 
appear linear? Explain. 

Use the regression capabilities of a graphing util-
ity to fit a parabola to the data. Use the graphing 
utility to plot the data points and the regression 
parabola in the same viewing window. Does the 
data appear quadratic? Even though the quad-
ratic model appears to be a "good" fit, explain 
why it may not be a good model for predicting 
the temperature of the water when t = 60. 

(c) The graph of the model should be asymptotic 
with the temperature of the room. Subtract the 
room temperature from each of the temperatures 
in the table. Use a graphing utility to fit an 
exponential model to the revised data. Add the 
room temperature to this regression model. Use a 
graphing utility to plot the original data points 
and the model in the same viewing window. 

(d) Explain why the procedure in part (c) was 
necessary for finding the exponential model. 

79. Inflation If the annual rate of inflation averages 
4% over the next 10 years, the approximate cost C of 
goods or services during any year in that decade will 
be C(t) = P(1.04)t, where t is the time (in years) 
and P is the present cost. Assume the price of an oil 
change for your car is presently $23.95. 

(a) Use a graphing utility to graph the function. 

(b) Use the graph in part (a) to approximate the price 
of an oil change 10 years from now. 

(c) Verify your answer in part (b) algebraically. 

80. Depreciation After t years, the value of a car that 
costs $20,000 is V(t) = 20,000( Dr. 

(a) Use a graphing utility to graph the function. 

(b) Use a graphing utility to create a table of values 
that shows the value V for t = 1 to 10 years. 

Synthesis 

True or False? In Exercises 81 and 82, determine 
whether the statement is true or false. Justify your 
answer. 

83. Exploration Use a graphing utility to g 

y1  = ex and each of the functions y2  = x2, y3 

Y4 = "fX,  and Ys = lxl• 
(a) Which function increases at the fastest rat, 

"large" values of x? 

(b) Use the result of part (a) to make a conje 
about the rates of growth of y1  = ex and y 
where n is a natural number and x is "large: 

(c) Use the results of parts (a) and (b) to des 
what is implied when it is stated that a qua 
is growing exponentially. 

84. Conjecture Use a graphing utility to g 
f(X) = (1 + 0.5/4x  and g(x) e0 5  in the 
viewing window. 

(a) What is the relationship between f and g 
increases without bound? 

(b) Use the result of part (a) to make a conjectu 
about the value of (1 + r/x)x as x increases 
without bound. 

85. Think About It Without a graphing utility, ex 
why you know 2-/ is greater than 2, but less th 

86. Think About It Which functions are exponei 
Why? 

(a) 3x (b) 3x2 (c) 3x (d) 2-x 

87. Pattern Recognition Use a graphing utilii 
compare the graph of the function y = ex wit 
graphs of the following functions. 

pro 

Review 

In Exercises 88-91, determine whether the function 
has an inverse. If it does, find f -1. 

88. f(x) = 5x - 7 89. f(x) = + 

90. f(x) = -ex + 8 91. f(x) = 

In Exercises 92-95, sketch the graph of the rat 
function. 

(b) 

Crlbe 

intity 

raph 
sa 

as 

The eq 

are equ 
nential 

means 
instane 

EXAM 

Evaluat 

a. log 

d. log10 

b. log3 
C. log4 
d. 



You Should Learn: 
• How to recognize and evalu-

 

ate logarithmic functions with 
base a 
How to graph logarithmic 
functions 
How to recognize, evaluate, 
and graph natural logarithmic 
functions 

• How to use logarithmic 
functions to model and solve 
real-life problems 

You Should Learn It: 

Logarithmic functions are useful 
in modeling data that increase or 
decrease slowly. For instance, 
Exercise 81 on page 238 shows 
how to use a logarithmic function 
to model the minimum required 
ventilation rates in public school 
classrooms. 
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x the function 

Logarithmic Functions 

Se 1.5, you studied the concept of the inverse of a function. There, you 
; pied  if a function has the property such that no horizontal line intersects its 

more than once, the function must have an inverse. By looking back at the aranh 
:

ra
'phs of the exponential functions introduced in Section 3.1, you will see that 

cevery function of the form 

a > 0, a * 1 

ss the  Horizontal Line Test and therefore must have an inverse. This inverse 

rncetison is called the logarithmic function with base a. 

ition of Logarithmic Function 

For x > 0 and 0 < a * 1, 

y = loga  x if and only if x = aY. 

The function 

f(x)= loga x 

is called the logarithmic function with base a. 

e equations 

y = loga x Logarithmic form 

and 

x = aY Exponential form 

are equivalent. The first equation is in logarithmic form and the second is in expo-
nential form. 

When evaluating logarithms, remember that a logarithm is an exponent. This 
means that logax is the exponent to which a must be raised to obtain x. For 
instance, log2  8 = 3 because 2 must be raised to the third power to get 8. 

EXAMPLE 1 Evaluating Logarithms 

Evaluate each expression. 

2  = _4_ 5 2 
* 

a. log2  32 
d.10g10 

ik
 

b. log3  27 

e. log3  1  

c. log4  2 

f. log2  2 

of the rational 
Solution 

a.10g2 32 = 5 because 
b.log3  27 3 because 
C. log4 2 

because 
(1. log10= —2 because  

25  = 32. e. log3  1 = 0 because 30  = 1. 
33  = 27. f. log2  2 = 1 because 21  = 2. 
41/2  = = 2. 
fr 2 = = 

11+ 0.
 



STUDY TI. P 

Some graphing utilities do not 
give an error message for 
log10(— 2). Instead, the graphi 
utility will display a complex 
number. For the purpose of this 
text, however, it will still be said 
that the domain of a logarithmic 
function is the set of positive 
real numbers. 

rig 
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The logarithmic function with base 10 is called the common logarithmic func-

tion. On most calculators, this function is denoted by LOG . Because logo  x is the 
inverse function of ax, it follows that the domain of loge  x is the range of ax, 
(0, cc). In other words, loge  x is defined only if x is positive. 

EXAMPLE 2  Evaluating Logarithms on a Calculator 

Use a calculator to evaluate each expression. 

a. log10  10 b. 2 log/0  2.5 c. logio(— 2) 

Solution 

Number Graphing Calculator Keystrokes 

a. log10  10 LOG 

b. 2 logto  2.5 2 LOG 

c. logio(— LOG 

Note that the calculator displays an error message when you try to evaluate 
logio(— 2). The reason for this is that the domain of every logarithmic function is 
the set of positive real numbers. In this case, there is no real power to which 10 
can be raised to get —2. 

The following properties follow directly from the definition of the logarithmic 
function with base a. 

Properties of Logarithms 

1. loge  1 = 0 because a° = 1. 

2. loge  a = 1 because al = a. 

3. loga  ax = x and al°g. x = x. Inverse Properties 

4. If loga  x = logy, then x = y. One-to-One Property 

EXAMPLE 3  Using Properties of Logarithms 

Solve each equation for x. 

a. log2  x = log2  3 

b. 1og4  4 = x 

Solution 
a. Using the One-to-One Property (Property 4), you can conclude that x = 3. 

b. Using Property 2, you can conclude that x = 1. 

10 

k-A 2 

2.5 

ENTER] 

ENTER 

ENTER 

Display 

1 

0.7958800 

ERROR 

By plo 
the gr, 

b. Becau 
by plo 
graph 
3.13 

Graph 

To sketc 
function 

EXA M 

In the sa 

a. f(x) 

Solutio 
a. For f( 

Library of Functions 
The logarithmic function is the 
inverse of the exponential func-

tion. Its domain is the set o posi-
tive real numbers and its range is 
the set of all real numbers. 
Because of the inverse properties 
of logarithms and exponents, the 
exponential equation a° = 1 
implies that loge  1 = 0. 

Consult the Library of Functions 
Summary inside the front c )ver 
for a description of the logarith-
mic function. 

EXAMP 
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Solution 
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Evaluate t 
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= I o 
--1 

 

Without Calculator With Calculator 

X i 
— loo 

i — io 1 10 2 5 8 

log x _ to —2 —1 0 1 0.301 0.699 0.903 

In Example 5, you can also sketch the graph of f(x) = log10  x as follows. 
Evaluate the inverse of f, g(x) = 10x for several values of x. Plot the points, 
sketch the graph of g, then reflect the graph in the line y = x to obtain the graph 
Of f 

STUDY TIP 

Compare Figure 3.14 with that 
obtained using a graphing 
utility. Note that the domain 
is (0, co) and the range is 
(— co, oo). 

3.2 • Logarithmic Functions and Their Graphs 231 

r TIP 

hues do not  111 
age for 

the graphing 
a complex 

urpose of this 
ill still be said 
'  a logarithmic 
of positive 

fions 
nction is the 
niential func-
the set of posi-
uid its range is 
umbers. 
erse properties 
exponents, the 
on a° = 1 
= 0. 

y of Functions 
ie front cover 
f the logarith-

 

aphs of Logarithmic Functions 

ketch the graph of y = loge  x, you can use the fact that the graphs of inverse 

ctions are reflections of each other in the line y = x. 

EXAMPLE 4  Graphs of Exponential and Logarithmic Functions 

I n  the same coordinate plane, sketch the graph of each function. 

a.  .
f(x) = 2x b. g(x) = 10g2  x 

Solution 
a. For f(x) = 2x, construct a table of values. 

x —2 —1 0 1 2 3 

2x 74- i 1 2 4 8 

By plotting these points and connecting them with a smooth curve, you obtain 
the graph of f(x) shown in Figure 3.13. 

b. Because g(x) = 1og2 x is the inverse of f(x) = 2x, the graph of g is obtained 
by plotting the points (2x, x) and connecting them with a smooth curve. The 
graph of g is a reflection of the graph of f in the line y = x, as shown in Figure 
3.13. 

Before you can confirm the result of Example 4 using a graphing utility, you need 
to know how to enter log2 x. You will learn how to do this using the change-of-
base formula discussed in Section 3.3. 

EXAMPLE 5  Sketching the Graph of a Logarithmic Function 

Sketch the graph of the common logarithmic function f(x) = log10  x. 

Solution 
Begin by constructing a table of values. Note that some of the values can be 
obtained without a calculator using the Inverse Property of logarithms. Others 
require a calculator. Next, plot the points and connect them with a smooth curve, 
as shown in Figure 3.14. 

(i) 
A computer animation of this example 
appears in the Interactive CD-ROM and 
Internet versions of this text. 

Figure 3.13 

111,71•1111EIMMINIMINE 

• 
Figure 3.14 



se a graphing utility to graph 
y = logo:i x and y = 8 in the 

F

F

e 

that 
intersect? If so, find a 

ame viewing window. Do the 

-ewing window at shows the 
Dint of intersection. What is 

point of intersection? Use 

ap 

• e point of intersection to co 

tete the equation below. 

logic, =8 

A computer animation of this ex 
appears in the Interactive CD-ROM 
Internet  versions of this text. 

h(x) = 2 + logio  x 

 

I ! 12) i 
 i 

i i i 

 

(1,0) 

) = logio  x 
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The nature of the graph in Figure 3.14 is typical of functions of the form 
f(x) = loge  x, a > 1. They have one x-intercept and one vertical asymptote. 
Notice how slowly the graph rises for x > 1. In Figure 3.14, you would need to 
move out to x = 100 before the graph rose to y = 2, and x = 1000 before the 
graph rose to y = 3. The basic characteristics of logarithmic graphs are summa-
rized in Figure 3.15. 

In Figure 3.15, the vertical asymptote occurs at x = 0, where loge  x is undefined. 

EXAMPLE 6  Transformations of Graphs of Logarithmic Functions 

The graph of each of the following functions is similar to the graph of 
f(x) = logio  x, as shown in Figure 3.16. 

a. Because g(x) = loglo(x — 1) = f(x — 1), the graph of g can be obtained by 
shifting the graph of f one unit to the right. 

b. Because h(x) = 2 + log10  x = 2 + f(x), the graph of h can be obtained by 
shifting the graph of f two units up. 

(a) (b) 
Figure 3.16 

In Figure 3.16, notice that the transformation in part (b) keeps the y-axis as a 
vertical asymptote, but the transformation in part (a) yields the new vertical 
asymptote x = 1. 

Graph of y = loga  x, a > 1 

• Domain: (0, no) 

• Range: (—no, co) 

• Intercept: (1, 0) 

• Increasing 

• y-axis is a vertical asymptote 
(loga  x — oo as x --> 0+) 

• Continuous 

• Reflection of graph of y = ax in 
the line y = x 

Figure 3.15 

 



he function defined by 

f(x) = loge  x = ln x, x> 0 

called the natural logarithmic function. is 

LN , as illustrated in On most calculators, the natural logarithm is denoted by 
Example 7. 

a. 

b. 

C. 

d. 

Number 

In 2 

In 0.3 

In e2 

ln(— 1) 

in 1 = 0 because e° = 1. 
In e =- 1 because el = e. 

In ex =- x and e x = x. 
If In x = in y, then x = y. 
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The  Natural Logarithmic Function 

The 
most widely used base for logarithmic functions is the number e, where 

e  -- 2.718281828. . . . 

Th logarithmic function with base e is the natural logarithmic function and is 

denoted by the special symbol In x, read as "the natural log of x" or "el en of x." 

e Natural Logarithmic Function 

EXAMPLE 7 Evaluating the Natural Logarithmic Function 

Use a calculator to evaluate each expression. 

a. 1n2 b. In 0.3 c. ln e2 d. ln(— 1) 

Solution 

Display 

0.6931472 

— 1.2039728 

2 

ERROR 

In Example 7, be sure you see that ln(— 1) gives an error message on most calcu-
lators. This occurs because the domain of ln x is the set of positive real numbers. 
So, In(— 1) is undefined. 

The four properties of logarithms listed on page 230 are also valid for natural 
logarithms. 
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text. 

roperties of Natural Logarithms 

Inverse Properties 

One-to-One Property 

The Interactive CD-ROM and Internet 
versions of this text offer a built-in graph-
ing calculator, which can be used with 
the Examples, Explorations, and 
Exercises. 

1. 
2. 

3. 

4. 

Graphing Calculator Keystrokes 

2 

.3 

E 2 -ENTER 

ENTER 

ENTER] 

ENTER 

LN 

LN 

LN 

LN 

ecause the natural exponential 
ction y = ex passes the 

orizontal Line Test, it has an 
verse. Use the draw inverse 
ature of your graphing utility 
graph y = ex and its inverse. 

ompare this graph with that of - 
e natural logarithmic function. 

at can you conclude? 



y — In (x —2) 

Y= 

30 

—1.7 

X=2 _  
—3.0 

Figure 3.18 

4.7 —4.7 

In s" 

Figure 3.20 
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EXAMPLE 8  Using Properties of Natural Logarithms 

Use the properties of natural logarithms to rewrite each expression. 

a. In -f b. in c2 c. ln e° d. 2 ln e 

Solution 
1 

a. In —
e 

= in e-1  = — 1 Inverse Property 

b. in e 2  = 2 Inverse Property 

C. in e° = 0 Property 1 

d. 2 ln e = 2(1) = 2 Property 2 

The graph of the natural logarithmic function is shown in Figure 3.17. Try using a 
graphing utility to confirm this graph and to verify that the domain of the natural 
logarithmic function is (0, oo). 

EXAMPLE 9  Finding the Domains of Logarithmic Functions 

Find the domain of each function. 

a. f(x) = ln(x — 2) b. g(x) = ln(2 — c. h(x) = 1n x2 

Algebraic Solution Graphical Solution 

a. Because ln(x — 2) is 
defined only if 

x — 2 > 0, 

it follows that the 
domain of f is (2, oo). 

b. Because ln(2 — 4 is 
defined only if 

2 — x> 0, 

y = in (2 —x) 

 7.7 4.7 

it follows that the 
domain of h is all real 
numbers except 
x = 0. 

In Example 9, suppose you had been asked to analyze the function 
h(x) = mix — 21. How would the domain of this function compare with the 
domains of the functions given in parts (a) and (b) of the example? 

it follows that the 
domain of g is 
(—oo, 2). 

c. Because ln x2  is 
defined only if 

x2 > 0, 

—3.0 

Figure 3.19 
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a. Use a graphing utility to graph the equation y = ln(x — 2) using a decimal setti 
shown in Figure 3.18. Use the trace feature to see that the x-coordinates of the 
on the graph appear to extend from the right of 2 to +co. So, you can estime 
domain to be (2, oo). 

b. Use a graphing utility to graph the equation y = ln(2 — 4 using a decimal setti 
shown in Figure 3.19. Use the trace feature to see that the x-coordinates of the 
on the graph appear to extend from —00 to the left of 2. So, you can estime 
domain to be (— oo, 2). 

c. Use a graphing utility to graph the equation y = ln x2  using a decimal setting, as show 
in Figure 3.20. Use the trace feature to see that the x-coordinates of the points on the 

graph appear to include all real numbers except x = 0. So, you can estimate the domaia 

to be all real numbers except x = 0. 

3.0 3.0 
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Graphical Solution 
Use a graphing utility to graph the function y = 75 — 6 ln(x + 1) as 
shown in Figure 3.21. Then use the value or trace feature to approximate 
the following. 

a. When x = 0, y = 75. So, the original average score was 75. 

b. When x = 2, y == 68.4. So, the average score after 2 months was 
about 68.4. 

c. When x = 6, y 63.3. So, the average score after 6 months was 
about 63.3. 

80 

y=75-61n(x+1) 

0  X.6? (Y=63.324539_112 

Figure 3.21 
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Application 
xponential and logarithmic functions are used to model many situations in real 

life, as shown in the next example. 

EgAMPLE 10 Human Memory Model 

tudents participating in a psychological experiment attended several lectures on s  
a subject. At the end of the last lecture, and every month for the next year, the stu-
dents  were tested to see how much of the material they remembered. The average 

scores for the group were given by the human memory model 

f(t) = 75 —  6 ln(t + 1), 0< t < 12 

where t is the time in months. 

a. What was the average score on the original (t = 0) exam? 

b. What was the average score at the end of t = 2 months? 

c. What was the average score at the end of t = 6 months? 

Algebraic Solution 

a. The original average score was 

f(0) = 75 — 6 ln 1 

= 75 — 6(0) 

= 75. 

b. After 2 months, the average score was 

f(2) = 75 — 6 ln 3 

75 — 6(1.0986) 

- 68.4. 

c. After 6 months, the average score was 

f(6) = 75 — 6 in 7 
•  - 75 — 6(1.9459) 

63.3. 
3.0 

-3.0 

ng About Math AllfilyZI4 8 /Win Memory Model 

Use a graphing utility to determine how many months it would take for the 
average score in Example 10 to decrease to 60. Explain your method of 
solving the problem. Describe another way that you can use a graphing 
Utility to determine the answer. Also, make a statement about the general 
shape of the model. Would the students forget more quickly soon after the 
test or as time passes? Explain your reasoning. 
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In Exer 
logarit 
identify 

61. Y --

 

63. f 

65. g(x) 

In Exer 
the fun 
determi 
creasin 
ative m 

67. f(x) 

69. h(x) 

71. Pop 
dou 

t = 

Find 

72. Wor 
pres. 
pres 
3 cu 

73. Hun 
clas 
with 
clas 

f(r) 

whe 
(a) 

(b) 

(c) 
(d) 

74. Inve 
and 
amo 
wherl 

In Exercises 1-8, write the logarithmic equation in 

exponential form. For example, the exponential form 

of log, 25 = 2 is 52  = 25. 

1. log4  64 = 3 2. log3  81 = 4 

3. log7 = -2 4. log10  ioloo - 3 

5. 1og32  4 = 6. log,6  8 = 

7. In 1 =0 8. 1n4 = 1.386 . . . 

In Exercises 9-18, write the exponential equation in 

logarithmic form. 

9. 53  = 125 10. 82  = 64 

 

11. 811 /4 = 3 12. 93/2  = 27 

13. 6-2  -= 

  

14. 10-3  = 0.001 

15. e3  = 20.0855. . 16. ex = 4 

17. e26  = 13.463 . . 18. e„ = 23.140. . . 

In Exercises 19-24, evaluate the expression without 

using a calculator. 

19. log2  16 20. log27  9 

21. logl6M 22. log2G) 

23. log10  0.01 24. log,„ 0.1 

In Exercises 25-30, solve the equation for x. 

25. 1og7  x = 1og7  9 26. log5  5 = x 

27. ln e8  = x 28. ml = ln x 

29. log6  62  = x 30. log2  2-1=x 

In Exercises 31-42, use a calculator to evaluate the 

logarithm. Round to three decimal places. 

31. log10  345 

33. log,0(0  

32. logic, 145 
25 34. log,0 

35. ln(4 + ,/j) 36. ln(-,/3 - 2) 

37. ln ,/42 38. In -,/752 

39. 6 log10  14.8 40. - 3 log10  0.09 

41. 12 In 6.4 42. -5.5 ln 34 

In Exercises 43-46, describe the relationship between 
the graphs of f and g. What is the relationship 
between the functions! and g? 

43. f(x) = 3x. 44. f(x) = 5-t 

g(x) = 1og3  x g(x) = log5  x 

45. f(x) 46. f(x) = lox -

 

g(x) = 10g10  x g(x) =- ln x 

In Exercises 47-52, use the graph of y = log3  x to 
match the given function with its graph. [The graphs 
are labeled (a), (b), (c), (d), (e), and (f).] 

(a) 5 (b) 

-7 1- 1--" 3 -7 

-5 

(d) 5 

9 
-5 

-3 -5 

4 ) 5 

9 

-6 -5 

47. f(x) = 1og3  x + 2 48. f(x) = - log3  x 

49. f(x) = - log3(x + 2) 50. f(x) -= 1og3(x - 1) 

51. f(x) = 1og3(1 - 52. f(x) = - log3(-x) 

In Exercises 53-60, find the domain, vertical asymP' 

tote, and x-intercept of the logarithmic function, 

sketch its graph by hand. Verify using a graphin 

utility. 

53. f(x) = log4  x 54. g(x) = log6  x 

55. h(x) = loax - 3) 56. f(x) = - 1og6tx 

57. y = -log3 x + 2 58. y = 1og5(x - 1) + 

59. f(x) = 6 + 1og6(x - 3) 

60. f(x) = - log3(x + 2) - 4 

5 

-5 

(c) 7 

(e) 
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log6  x 

—1og6(x + 2) 

g5(x — 1) + 4 

in  Exercises 61-66, use a graphing utility to graph the 

logarit
hmic function. Determine the domain and 

identify any vertical asymptote and x-intercept. 

61.  y log10(3) 

63.  f(x) 1n(x — 2) 

65. g(x) 111(—x) 

in  Exercises 67-70, (a) use a graphing utility to graph 

the function, (b) find the domain, (c) use the graph to 

determine the intervals in which the function is in-
easing and decreasing, and (d) approximate any rel-

ative 
cr 

maximum or minimum values of the function. 

69. h(x) = 4x ln x 70. f(x) = —
x 

ln x 

71. Population Growth The population of a town will 
double in 

10 in 2  
t = years. 

67 — 
ears.

 ln 50 

Find Find t. 

72. Work The work (in foot-pounds) done in com-
pressing an initial volume of 9 cubic feet of air at a 
pressure of 15 pounds per square inch to a volume of 
3 cubic feet is W = 19,440(ln 9 — In 3). Find W. 

73. Human Memory Model Students in a mathematics 
class were given an exam and then tested monthly 
with an equivalent exam. The average score for the 
class was given by the human memory model 

f(t) = 80— 17 logio(t + 1), 0 t 12 

where t is the time in months. 

(a) What was the average score on the original exam 
(t = 0)? 

(b) What was the average score after 4 months? 

(c) What was the average score after 10 months? 

(d) Verify your answers in parts (a), (b), and (c) 
using a graphing utility. 

74. Investment Time A principal P, invested at 5 -% 
i and compounded continuously, increases to an 

amount K times the original principal after t years, 
where t = (hi IC)/0.055. 

3.2 • Logarithmic Functions and Their Graphs 237 

(a) Complete the table and interpret your results. 

1 2 4 6 8 10 12 

(b) Use a graphing utility to graph the function. 
75. Data Analysis The table shows the temperatures 

T (in °F) at which water boils at selected pressures 
p (in pounds per square inch). (Source: Standard 
Handbook of Mechanical Engineers) 

19 5 10 14.696 (1 atm) 

T 162.24° 193.21° 212.00° 

p 20 30 40 

T 227.96° 250.33° 267.25° 

p 60 80 100 

T 292.71° 312.03° 327.81° 

A model that approximates this data is 

T= 87.97 + 34.96 In p + 7.914. 

(a) Use a graphing utility to plot the data points and 
graph the model in the same viewing window. 
How well does the model fit the data? 

(b) Use the graph to estimate the pressure required 
for the boiling point of water to exceed 300°F. 

(c) Calculate T when the pressure is 74 pounds per 
square inch. Verify your answer graphically. 

76. Data Analysis A meteorologist measures the 
atmospheric pressure P (in Pascals) at altitude h (in 
kilometers). The data is shown below. 

h 0 5 10 15 20 

P 101,293 54,735 23,294 12,157 5069 

A model for the data is 

P = 102,303e-0.1371. 

(a) Use a graphing utility to plot the data points and 
graph the model in the same viewing window. 

62. y =- 1og10(-

 

64. h(x) = ln(x + 1) 

66. f(x) = ln(3 — 

x x 
67.  f(x) -= —

2
 — ln —4 

12 In x 
68. g(x) = 
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(b) Use a graphing utility to plot the points (h, ln P). 
Use the regression capabilities of the graphing 
utility to fit a regression line to the revised data 
points. 

(c) The line in part (b) has the form ln P = ah + b. 
Write the line in exponential form. 

(d) Verify graphically and algebraically that the re-
sult of part (c) is equivalent to the given expo-
nential model for the data. 

77. World Population Growth The time t in years for 
the world population to double if it is increasing at a 
continuous rate of r is 

ln 2 
t = — . 

Complete the table. What do your results imply? 

0.005 0.010 0.015 0.020 0.025 0.030 

78. Tractrix A person walking along a dock (the y-
axis) drags a boat by a 10-foot rope. The boat travels 
along a path known as a tractrix. The equation of this 
path is 

( 10 + -,/100 - x2 ) 
,/100 - y = 10 ln x2. 

(a) Use a graphing utility to obtain a graph of the 
function. What is the domain of the function? 

(b) 
(c) Determine the position of the person when the 

x-coordinate of the position of the boat is x = 2. 

(d) Let (0, p) be the position of the person. Determine 
p as a function of x, the x-coordinate of the posi-
tion of the boat. 

(e) Use a graphing utility to graph the function p. 
When does the position of the person change 
most for a small change in the position of the 
boat? Explain. 

79. Sound Intensity The relationship between the 
number of decibels 0 and the intensity of a sound I 
in watts per square meter is 

p = 10 logio( 10- 
/  

12). 

(a) Determine the number of decibels of a sound 
with an intensity of 1 watt per square meter. 

(b) Determine the number of decibels of a sound 
with an intensity of 10-2  watt per square meter 

(c) The intensity of the sound in part (a) is 100 times 
as great as that in part (b). Is the number of deci_ 
bels 100 times as great? Explain. 

Ventilation Rates In Exercises 80 and 81, use the 
model 

y = 80.4 - 11 In x, 100 _S. x 1500 

which approximates the minimum required ventiia, 
tion rate in terms of the air space per child in a public 
school classroom. In the model, x is the air space per 
child (in cubic feet) and y is the ventilation rate an 
cubic feet per minute). 

80. Use a graphing utility to graph the function and 
approximate the required ventilation rate if there is 
300 cubic feet of air space per child. 

81. A classroom is designed for 30 students. The air. 
conditioning system in the room has the capacity to 
move 450 cubic feet of air per minute. 

(a) Determine the ventilation rate per child, assurn. 
ing that the room is filled to capacity. 

(b) Use the graph of Exercise 80 to estimate the air 
space required per child. 

(c) Determine the minimum number of square feet 
of floor space required for the room if the ceiling 
height is 30 feet. 

Monthly Payment In Exercises 82-85, use the model 

t = 16.625 ln 
-x750)'

 x > 750 

which approximates the length of a home mortgage of 
$150,000 at 6% in terms of the monthly payment. In 
the model, t is the length of the mortgage in years and 
x is the monthly payment in dollars. 

Identify any asymptotes of the graph. 
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2  Use  the model to approximate the length of a 

8 $150,000 mortgage (at 6%) if the monthly payment 

is $89712- 

83.Use the model to approximate the length of a 
$150,000 mortgage (at 6%) if the monthly payment 

is $1659.24. 

84.Approximate the total amount paid over the term 
of the mortgage in Exercise 82 with a monthly 
payment of $897.72. What amount of the total is 
interest costs? 

85.Approximate the total amount paid over the term 
of the mortgage in Exercise 83 with a monthly 
payment of $1659.24. What amount of the total is 
interest costs? 

Synthesis 

True or False? In Exercises 86 and 87, determine 
whether the statement is true or false. Justify your 
answer. 

86.You can determine the graph of f(x) = log6  x by 
graphing g(x) = 6x and reflecting it in the x-axis. 

87.The graph of f(x) = log3x contains the point (27, 3). 

88.Exploration The table of values was obtained by 
evaluating a function. Determine which of the state-
ments may be true and which must be false. 

1 2 8 

0 1 3 

(a) y is an exponential function of x. 

(b) y is a logarithmic function of x. 

(c) x is an exponential function of y. 

(d) y is a linear function of x. 
89. Exploration Use a graphing utility to compare the 

graph of the function y = In x with the graphs of the 
following functions. 

(a) y = x - 1 

(b) y (x - 0  - - 1)2 
(c) y =- (x - 1) - 1(x - 1)2  + - 1)3 

90. Finding a Pattern Identify the pattern of succes-
sive polynomials given in Exercise 89. Extend the 
pattern one more term and compare the graph of the 
resulting polynomial function with the graph of 
Y In x. What do you think the pattern implies? 

91. Numerical and Graphical Analysis (a) Use a 
graphing utility to complete the table for the function 

f(x) = —
ln x

. 

  

1 5 

 

10 102 104 106 

 

f(x) 

       

         

(b) Use the table to determine what f(x) approaches 
as x increases without bound. 

(c) Use a graphing utility to check the result of part 
(13). 

Review 

In Exercises 92-95, find the vertical and horizontal 
asymptotes of the rational function. 

93. f(x) = 2X3 2  3 

2(X — 
95. f(x) = 

2A- 5)
 

x - 7 

In Exercises 96-99, evaluate the expression. Round 
your answer to three decimal places. 

96. e12 97. e7/2 
98. e-5 99. 6e-8 

4  
92. f(x) = 

- 8- x 

x + 5  
94. f(x) = 

2x2  + x - 15 



240 Chapter 3 • Exponential and Logarithmic Functions 

Change of Base 

Most calculators have only two types of log keys, one for common logarithms 
(base 10) and one for natural logarithms (base e). Although common logs and 
natural logs are the most frequently used, you may occasionally need to 
evaluate logarithms to other bases. To do this, you can use the following change-
of-base formula. 

rirr'  You Should Learn: - 
• How to rewrite logarith c 

functions with differen bases 
How to use properties loga, 
rithms to evaluate or re viite 
logarithmic expression 
How to use properties .0ga_ 
rithms to expand or cot dense 
logarithmic expression 
How to use logarithmic 
functions to model and sc 
real-life problems 

Let a b 

v are P 

lye 
1. log, 

2. log,, 

3. loge 

For a pr 

You Should Learn 

Logarithmic functions can x 
used to model and solve real 
problems, such as human lie 
in Exercise 96 on page 245 

One way to look at the change-of-base formula is that logarithms to base a are 
simply constant multiples of logarithms to base b. The constant multiplier is 
1/(logs  a). 

EXAMPLE 1  Changing Bases Using Common Logarithms 

a. log4  30 = 
log10  30  
log10  4 

1.47712 

0.60206 

Write th 

a. in 6 

SO/UtiO log10  x 
log" 

log10  a 

Use a calculator. 

2.4534 Use a calculator. b. In —
2 

27 
logio  x loglo  x  

b. log2 x = 3.3219 logiox 
log10  2 0.30103 

EXAMPLE 2  Changing Bases Using Natural Logarithms 

In 30 
a. 1og4  30 = 

1n4 
In x 

log° x  — In  a 

3.40120 

1.38629 

2.4535 

Use a calculator. 

Use a calculator. 

b. log2 x = 
In 2 0.693147 

1.4427 ln x
 Try check 

In Examples 1 and 2, the result is the same whether common logarithms or nat-
ural logarithms are used in the change-of-base formula. 

lifd 
mai 

Change-of-Base Formula 

Let a, b, and x be positive real numbers such that a 0 1 and b 0 1. Then loge  x 
can be converted to a different base using any of the following formulas. 

Base b 

logs  x  
loga x — 

logs  a 

Base 10 

logio  x  
log a  x — 

logio  a 

Base e 

in x 
loga  x = 

ln a 



k 

!

i

;John Napier (1550-1617), a 
Scottish mathematician, devel-
oped logarithms as a way to 
simplify some of the tedious 
calculations of his day. . 
Beginning in 1594, Napier.. .. 
worked about 20 years on the 
invention of logarithms. Napier 

i was only partially successful in 
E 

l

E his quest to simplify tedious 

icalculations. Nonetheless, the 
!development of logarithms was 
a step forward and received 
immediate recognition. 
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properties of Logarithms 

you know from the previous section that the logarithmic function with base a is 

inverse of the exponential function with base a. So, it makes sense that the 
the )erries of exponents should have corresponding properties involving loga-prof 
lions. For instance, the exponential property a° = 1 has the corresponding 
log irirhrnic property loge  1 = 0. 

Oro 

Let a be a positive number such that a 0  1, and let n be a real number. If u and 
v are positive real numbers, the following properties are true. 

1. loga(uv) =  loga  u +  loge  v 1. ln(uv) = in u + ln v 

loga-
v

 = loga u - loga v 2. ln -
u

= ln u - In v 

loga u" = n loge  u 3. ln un  =  n ln u 

a proof of Property 1, see Appendix A. 

EXAMPLE 3  Using Properties of Logarithms 

te the logarithm in terms of In 2 and In 3. 

b. In —
2 

27 

Solution 

a. In 6 = ln(2 • 3) Rewrite 6 as 2 • 3. 

=1n2 +1n3 Property 1 

2 
a —

27 
= in 2- In 27 Property 2 

= 1n2 - 1n33 Rewrite 27 as 33. 

= In 2 - 3 in 3 Property 3 

MMEMG-

 

EXAMPLE 4  Using Properties of Logarithms 

Use the properties of logarithms to verify that - in = In 2. 

Solution 

erties of Logarithms 

n6 

b.1 

-1n(2-1) Rewrite as 2-  . 

= - (- 1) ln 2 Property 3 

--= in 2 Simplify. 

checking this result on your calculator. 

2. 

3. 

For 

Wri 

a. 1 

STUDY TIP 

There is no general property 
that can be used to rewrite 
loga(u ± v). Specifically, 
loga(x + y) is not equal to 
loga  x + log y. 
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EXAMPLE 5  Expanding the Logarithm of a Product 

Use the properties of logarithms to expand 1og105x3y. 

Solution 

log10  5x3y = log10  5 + log10  x3y Property 1 

-= log10  5 + log10  x3  + log10  y Property 1 

= log10  5 + 3 logio  x + logio  y Property 3 

EXAMPLE 6  Expanding the Logarithm of a Quotient 

Use the properties of logarithms to expand ln 
— 5. 

7 

Solution 

In 
-,/3x — 5

 — ln
[(3x — 5)1/21 

7 7 

= ln(3x — 5)1 /2  — 1n7 

1 
= —

2 
ln(3x —5) — 1n7 

Rewrite rational exponent. 

Property 2 

Property 3 

In Examples 5 and 6, the properties of logarithms were used to expand 
logarithmic expressions. In Example 7, this procedure is reversed and the proper-
ties of logarithms are used to condense logarithmic expressions. 

ln x = X 

EXAMPLE 7  Condensing a Logarithmic Expression 

Use the properties of logarithms to condense each logarithmic expression. 

a. logio  x + 3 logio(x + 1) b. 2 ln(x + 2) — ln x 

Solution 
a. logiox + 3 logio(x + 1) = logio  x 1/2  + logio(x + 1)3 Property 3 

= log10[.../ • (x + 1)1 Property 1 

b. 2 ln(x + 2) — ln x = ln(x + 2)2  — ln x Property 3 

= In 
(x + 2)2  

Property 2 

Now, by. pl 
can see that 
a line. 

Choose 
Slope of t 
(0.421, 0.63 
Slope of the 

0. 
m = 

0. 
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Rewriting Logarithmic Expressions 
The properties of logarithms are useful for rewriting logarithmic expressions in 
forms that simplify the operations of algebra. This is true because they convert 
complicated products, quotients, and exponential forms into simpler sums, 
differences, and products, respectively. 

x  
Y = in x — 3 

the same 
oes the graphing utility show 

Explain your reasoning. 
domain? If so, should it? 
the functions with 

the same viewing window. 

4

1 

Use a graphing utility to g_ aph 
e functions 

y = ln x — ln(x — 3) 

Applicati 

EXAM P1 

The table sl 

six planets 
terms of ast 
and the peri 
function of 

Algebraic 

The points 
3.22. From 
an equation 
problem, t 
and y-value 
the followi 

Planet 

ln x = X 

in y 

Planet 



• Jupiter 
Earth 

-- /Mars 40.0, 
Mercury 

Mean distance 
(in astronomical units) 

12 2 4 6 8 10 
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Application 

ExpiviPLE 8  Finding a Mathematical Model 

The table shows the mean distance from the sun x and the orbital period y of the 
six planets that are closest to the sun. In the table, the mean distance is given in 
terms  of astronomical units (where the earth's mean distance is defined as 1.0), 
and the period is given in terms of years. Find an equation that expresses y as a 

function of x. 

 

Mercury Venus Earth Mars Jupiter Saturn 

Distance, x 0.387 0.723 1.0 1.524 5.203 9.539 

,y 0.241 0.615 1.0 1.881 11.862 29.458 

Algebraic Solution 

The points in the table are plotted in Figure 
3.22. From this figure it is not clear how to find 

an equation that relates y and x. To solve this 

problem take the natural log of each of the x-

and y-values shown in the table. This produces 

the following results. 

Planet Mercury Venus Earth 

ln x = X -0.949 -0.324 0.0 

ln y = Y -1.423 -0.486 0.0 

Planet Mars Jupiter Saturn 

ln x = X 0.421 1.649 2.255 

ln y = Y 0.632 2.473 3.383 

Now, by plotting the points in the table, you 
can see that all six of the points appear to lie in 
a line. 

Choose any two points to determine the 
Slope of the line. Using the two points 
(0.421, 0.632) and (0, 0), you can determine the 
Slope of the line. 

0.632 - 0 3 m 
0.421 - 0 1.5  = 

By the point-slope form, the equation of the 
line is Y = IX, where Y = ln y and X = ln x. 
You can therefore conclude that hi y = In x. 

ig window 
utility show 
the same 
luld it? 
ming. 

lily to graph• 

hi Example 8, try to convert this to y = f(x) form. You will get a function of the 
OnrlY ax 5, which is a power model. 

Planet 

Mean 

period 

Saturn. 
-Venus 

Figure 3.22 

Graphical Solution 

The points in the table are plotted in Figure 3.22. From this figure it 
is not clear how to find an equation that relates y and x. To solve this 
problem, take the natural log of each of the x- and y-values given in 
the table. This produces the following results. 

Planet Mercury Venus Earth Mars Jupiter Saturn 

ln x = X =0.949 -0.324 0.0 0.421 1.649 2.255 

by = Y -1.423 -0.486 0.0 0.632 2.473 3.383 

Now, by plotting the points in the table, you can see that all six of 
the points appear to lie in a line, as shown in Figure 3.23. 

Figure 3.23 

Using the regression features of a graphing utility, you can find a 
linear model for the data Y = 1.5X = IX, where Y = In y and 
X = ln x. From the model, you can see that the slope of the line is 
3 3 So, you can conclude that hay = ln x. 
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37. ln ,/ a - 1, a> 1 38. ln 
x3 

(x2  - 1) 
x:1 

33. 1n/7z 34. ln 

35. ln xyz 
xY 36. ln - 
z 

42. ln 
Jx2  + 1 

44. In + 2) 

,Ay4 
46. logb 

z4 

Think Ab 
ing utilit 
vievving 
Explain. 

71. yi  =-

 

71 Yi = 

In Exerc 
logarithm II, possible, s 

73. log, 9 

75. log4  1( 

77. log,( - 

79. log, 75 

81. In e3  - 

83. logo, 0 

85. In e85 

In Exercise 
simplify th 

87. log4 £ 
89. log, 
91. log5( 510 
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In Exercises 1 and 2, use a graphing utility to graph 
the two functions in the same viewing window. What 
do the graphs suggest? Explain your reasoning. 

2. f(x) = ln x 

g(x) log10  x 

log10  e 

In Exercises 3-10, evaluate the logarithm using the 
change-of-base formula. Round your result to three 
decimal places. 

3. log3  7 4. log, 4 

5. log1/2  4 6. 10g1/8 64 

7. 1og9(0.8) 8. 10g1/3(0.015) 

9. log15  1460 10. log20  135 

In Exercises 11-18, rewrite the logarithm as a multi-
ple of (a) a common logarithm and (b) a natural 
logarithm. 

11. log5  x 12. log3  x 

13. 10g1/5  x 14. log1/3  x 
3 3 15. logy  To 16. logy  4 

17. log2.6  x 18. log„ .1  x 

In Exercises 19-26, use the change-of-base formula to 
rewrite the logarithm as a multiple of a logarithm. 
Then use a graphing utility to sketch the graph. 

19. f(x) = log2 x 20. f(x) = log4x 

21. f(x) = log1/2x 22. f(x) = 1og1/4 x 

23. f(x) = logi , 8 x 24. f(x) = 1og124 x 

25. f(x) = 1og3 x1/2 26. f(x) = log, 

In Exercises 27-46, use the properties of logarithms 
to write the expression as a sum, difference, and/or 
constant multiple of logarithms (Assume all variables 
are positive.) 

27. logio  5x 28. log,, 10z 

29. log10 -
5 

30. log1
0 2 

31. 1og8  x4 32. log6  Z-3 

39. ln z(z - 1)2, z > 1 40. ln 

41. ln 

43. ln 
z5 

X2 
45. logb 2 3 

y z 

Graphical Analysis In Exercises 47 and 48, use a 
graphing utility to graph the two equations in the 
same viewing window. What do the graphs suggest? 
Explain your reasoning. 

47. y1  = ln[x3(x + 4)], y2  = 3 ln x + ln(x + 4) 

48. yl = ln
(x - x2)' 

y2  = ln x - ln(x - 2) 

In Exercises 49-68, write the expression as the loga-
rithm of a single quantity. 

49. ln x + 1n4 50. toy + lnz 

51. 1og4 z - 52. log5  8 - log5  t 

53. 2 1og2(x + 3) 54. -6 log6  2x 

55. log3  7x 56. log7(z - 4) 

57. ln x - 3 ln(x + 1) 58. 21n8 + 51nz 

59. ln(x - 2) - ln(x + 2) 

60. 31nx + 21ny - 41nz 

61. ln x - 2[1n(x + 2) + ln(x - 2)] 

62. 4[1n z + ln(z + 5)] - 2 ln(z -5) 

63. [2 ln(x + 3) + ln x - ln(x2  - 1)] 

64. 2[ln x - ln(x + 1) - ln(x - 1)] 

65. i[ln y + 2 ln(y + 4)] - ln(y - 1) 

66. ..[ln(x + 1) + 2 ln(x - 1)] + 3 ln x 

67. 2 ln 3 - ln(x2  + 1) 

68. ln 5t6  - ln t4 

Graph ica 
graphing 
same vie 
Verify yo 

69- vi 

70. y - 1. f(x) = logio  x 

in x  
g(x) = 

in 10 

x4,6, 

95. Sound 
number, 
in watt 
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X3 t 1 

Y3 

r2 + 1 

e2(x + 2) 

and 48, use a 
uations in the 
-aphs suggest? 

m as the lop. 

ln z 

1 - log5  t 

)g6 
-4) 

+ 5 ln z 

z4 

G

ay

raphica/ Analysis In Exercises 69 and 70, use a 

gr 
,hing utility to graph the two equations in the 

_ viewing window. What do the graphs suggest? 
sawe 
verify your conclusion algebraically. 

69. Yi 
2[1n 8 - ln(x2  + 1)], y2  = ln[ 64 

(x2  + 1)2 

70.  y i  ln x + ln(x + 1), y = ln(x-; x + 1) 

Think About It In Exercises 71 and 72, use a graph-

ing utility to graph the two equations in the same 
viewing window. Are the expressions equivalent? 

Explain. 

71.  yi  lnx2, y2  = 21nx 

72.  yl = 14x4(x2  + 1)1 y2  = ln x 1n(x2  + 1) 

In Exercises 73-86, find the exact value of the 
logarithm without using a calculator. (If this is not 
possible, state the reason.) 

73. log3  9 

75. log4  163.4 

77. 10g2(- 4) 

79. log5  75 - log5  3 

81. in - ln 

83. log10  0 

85. ln e85 

In Exercises 87-94, use the properties of logarithms to 
simplify the logarithmic expression. 

87. log48 88. log5(M 

89. log7  -,/) 90. 1og2(42  • 34) 

91. log5() 92. logia) 

93. ln(5e6) 94.
 

e2 

95. Sound Intensity The relationship between the 
number of decibels 0 and the intensity of a sound I 
in watts per square meter is 

p =  1010g10
(
10

1
12

)
.

-  

(a) Use the properties of logarithms to write the for-
mula in a simpler form. 

(b) Use a graphing utility to complete the table. 

10-6  10-8  10-1° 10-12  10-14 

(c) Verify your answers in part (b) algebraically. 

96. Human Memory Model Students participating in a 
psychological experiment attended several lectures. 
After the last lecture, and every month for the next 
year, the students were tested to see how much of the 
material they remembered. The average scores for 
the group were given by the memory model 

f(t) = 90- 15 logi0(t + 1), 0 t 12 

where t is the time (in months). 

(a) Use a graphing utility to graph the function over 
the specified domain. 

(b) What was the average score on the original exam 
(t = 0)? 

(c) What was the average score after 6 months? 

(d) What was the average score after 12 months? 

(e) When would the average score have decreased 
to 75? 

97. Comparing Models A cup of water at an initial 
temperature of 78°C is placed in a room at a constant 
temperature of 21°C. The temperature of the water is 
measured every 5 minutes during a half-hour period. 
The results are recorded as ordered pairs of the form 
(t, T), where t is the time (in minutes) and T is the 
temperature (in degrees Celsius). 

(0, 78.01, (5, 66.01, (10, 57.51, (15, 51.2°), 
(20, 46.3°), (25, 42.5°), (30, 39.6°) 

(a) The graph of the model for the data should be 
asymptotic with the temperature of the room. 
Subtract the room temperature from each of the 
temperatures in the ordered pairs. Use a graphing 
utility to plot the data points (t, T) and 
(t, T - 21). 

(b) Use the regression capabilities of a graphing 
utility to fit an exponential model to the revised 
data. This model will be of the form 

T - 21 = abx. 

Solve for T and graph the model. Compare the 
result with the plot of the original data. 

(c) Take the natural logarithms of the revised tem-
peratures. Use a graphing utility to plot the 

74. log6  

76. log5(-1-1-5) 

78. log4(- 16) 

80. log4  2 + log4  32 

82. 3 ln e4 

84. In 1 

86. ln 
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points (t, ln(T - 21)) and observe that the points 
appear linear. Use the regression capabilities of a 
graphing utility to fit a line to this data. The 
resulting line has the form 

ln(T - 21) = at + b. 

Use the properties of logarithms to solve for 7'. 
Verify that the result is equivalent to the model in 
part (b). 

(d) Fit a rational model to the data. Take the recip-
rocals of the y-coordinates of the revised data to 
generate the points 

(1  
t, 

T - 21
). 

Use a graphing utility to plot these points and 
observe that they appear linear. Use the regres-
sion capabilities of a graphing utility to fit a line 
to this data. The resulting line has the form 

1  
= b. 

T - 21 at + 

Solve for T, and use a graphing utility to graph 
the rational function and the original data points. 

98. Writing Write a short paragraph explaining why 
the transformations of the data in Exercise 97 were 
necessary to obtain the models. Why did taking the 
logarithms of the temperatures lead to a linear scat-
ter plot? Why did taking the reciprocals of the tem-
peratures lead to a linear scatter plot? 

Synthesis 

True or False? In Exercises 99-104, determine 

100. f (ax) = f (a) + f(x), a > 0, x> 0 

101. f(x - 2) = f(x) -f(2), x> 2 

102. , / f(x) = if(x) 

103. If f(u) = 2f(v), then v = u2. 

104. If f(x) < 0, then 0 <x < 1. 

105. Think About It Use a graphing utility to grap 

f(x) = ln' -
x 

g(x) = - h(x) = In x - 
2 In 2' in 

ln x 
2 

in the same viewing window. Which two fun 
have identical graphs? Explain why. 

106. Exploration Approximate the natural logai 
of as many integers as possible between 
20, given that ln 2 0.6931, hi 3 1.0986 
ln 5 1.6094. (Do not use a calculator.) 

107. Prove that logs  -
v 

= logs  u - logs  v. 

108. Prove that logs  un = n logs  U. 

Review 

In Exercises 109-112, sketch the graph of the 
tion. Use a graphing utility to verify the graph. 

109. f(x) = -1(x2  + 4x) 110. f(x) = 1,7x(x - 2 

111. f(x) = x3  + 2x2  - 9x - 18 

112. f(x) = -(x + 2)3  + 1 

In Exercises 113-118, find all solutions of the 
tion. Be sure to check all your solutions. 

113. x2  - 6x + 2 = 0 114. 2x3  + 20x2  + 5C 

115. x4  - 19x2  + 48 = 0 116. 9x4  - 37x2  + 4 

117. x3  - 6x2  - 4x + 24 = 0 

118. 9x4  - 226x2  + 25 = 0 

In Exercises 119-126, use a calculator to evaluate the 
expression. Round the result to three decimal places. 

120. -051 

122. 170(4-1.1) 

124. log10(75.) 

126. 1145 - ,r7) 

equa. 

lIi 

x =0 

=0 

whether the statement is true or false given that 119. 
f(x) = in x. Justify your answer. 121. 

99. f(0) = 0 123. 

1.6-27r 

260-

1og/0(220) 

125. ln 2.008 
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You Should Learn: 

• How to solve simple exponen-
tial and logarithmic equations 

• How to solve more compli-
cated exponential equations 

• How to solve more compli-
cated logarithmic equations 

• How to use exponential and 
logarithmic equations to 
model and solve real-life 
problems 

You Should Learn It: 

Exponential and logarithmic 
equations can be used to model 
and solve real-life problems. For 
instance, Exercise 126 on page 
257 shows how to use a logarith-
mic function to model crumple 
zones for automobile crash tests. 
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S° 
far  in  this chapter,  you have studied the definitions, graphs, and properties of 

exponential and logarithmic functions. In this section, you will study procedures 

for 
solving  equations involving exponential and logarithmic functions. 

There are two basic strategies for solving exponential or logarithmic equa-

tionIs. The first is based on the One-to-One Properties and the second is based on 
nverse  Properties. For a > 0 and a 0 1, the following properties are true for 

the  for which logax and logy are defined.
all x and Y 

One-to-One Properties 

aY if and only if x = y. 

AMPLE 1 Solving Simple Exponential and Logarithmic Equations 

Original Rewritten 
Equation Equation Solution Property 

2x = 25 x = 5 One-to-One 

b. lnx- 1n3 =0 lnx = ln 3 x = 3 One-to-One 

c. (')x  = 9 3-x = 32 x = -2 One-to-One 

d.ex = 7 ln ex = in 7 x = ln 7 Inverse 

e. ln x = -3 e inx  = e -3 x = e-3 Inverse 

f. log x = -1 101'g x = 10- i x = 10-1  = Inverse 

The strategies used in Example 1 are summarized as follows. 

V. 

aph of the little. 
the graph. 

= ix(x - 2)2 

ons of the equa. 
ms. 

20x2  + 50x = 0 

- 37x2  + 4 = 0 

1r to evaluate the 
decimal places. 

51 

4-1.9 

Introduc
tion 

tr a 
lona 

egies for Solving Exponential and 

rithmic Equations 

Rewrite the given equation in a form to use the One-to-One Properties of 
exponential or logarithmic functions. 

2. Rewrite an exponential equation in logarithmic form and apply the Inverse 
Property of logarithmic functions. 

3. Rewrite a logarithmic equation in exponential form and apply the Inverse 
Property of exponential functions. 
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Solving Exponential Equations — 
ExAMP 
Solve 2(:41 

50/00 

7(32' 

lo 

EXAMPLE 2  Solving Exponential Equations 

Solve each equation. a. ex = 72 b. 3(2x) = 42 

Algebraic Solution  

a. ex = 72 Write original equation. 

In ex = In 72 Take natural log of each side. 

x = ln 72 Inverse Property 

X 4.277 Use a calculator. 

The solution is In 72 4.277. Check this solution in the 
original equation. 

b. 3(2x) = 42 Write original equation. 

2x = 14 

log2  2x = log2  14 

Divide each side by 3. 

Take log (base 2) of each side. 

Graphical Solution 

a. Use a graphing utility to graph the left- and right, 
hand sides of the equation as y1  = ex and y2 72 
in the same viewing window. Use the intersect fea, 
ture or the zoom and trace features of the graphing 
utility to approximate the intersection Point, as 
shown in Figure 3.24. So, the approximate solution 
is 4.277. 

b. Use a graphing utility to graph y1  = 3(2x) and 
y2  = 42 in the same viewing window. Use the inter-
sect feature or the zoom and trace features to 
approximate the intersection point, as shown in 
Figure 3.25. So, the approximate solution is 3.807, 

60 

The solut 

When an 
use a pr 
However, 

Change-of-base formula 

x = log2  14 Inverse Property 

In 14 
X = 

1n2 

x 3.807 Use a calculator. EXAMP 

Solve e-' 

Algebra  

y2  = 42 

Intersection 
0 = 
0 

Figure 3.25 

The solution is log2  14 •=--, 3.807. Check this solution in 
the original equation. 

Graphical Solution 

e 2x 

EXAMPLE 3  Solving an Exponential Equation 

Solve 4e2x = 5. 

Algebraic Solution 

4e2x = 5 

5 

4 

Rather than graph both sides of the equation you are solving as se 
arate graphs, as you did in Example 2, another way to graphicall 
solve the equation is to first rewrite the equation as 4e2x — 5 =-
then use a graphing utility to graph y = 4e2x — 5. Use the zero 

root feature or the zoom and trace features of the graphing utility 
approximate the value of x for which y = 0. From Figure 3.26, y 

can see that the zero occurs when x 0.112. So, the approxima 
solution is 0.112. 

Write original equation. 

Divide each side by 4. 

Take logarithm of each side. 

Inverse Property 

Solve for x. 

Use a calculator. 

10 15 
x = In 

2 4 The solu 
original e x 0.112 1 1 

The solution is ln 0.112. Check this 
solution in the original equation. 

-10 

Figure 3.26 

100 

o
o 

Figure 3.24 

2x = 



EXAMPLE 4  Solving an Exponential Equation 

Solve 2(32,-5) _ 4 = 11. 

SONti0/1 

2(32t-5) — 4 = 11 

2(32' 5) = 15 

32t-5 = 7  
15 

log3  32t-5  = log3 
15 

2t - 5 = log3 

2t = 5 + log3  7.5 

t = + log3 7.5 

t 3.417 

The solution is I + log3  7.5 3.417. Check this in the original equation. 

When an equation involves two or more exponential expressions, you can still 

use a procedure similar to that demonstrated in the previous three examples. 

However, the algebra is a bit more complicated. 

EXAMPLE 5 Solving an Exponential Equation in Quadratic Form 

Solve e2x  3ex + 2 = 0. 

Algebraic Solution 

e 2x 36,x 2  = 0 Write original equation. 

(ex)2  - 3ex + 2 = 0 Write in quadratic form. 

(ex  — 2)(ex  — 1) = 0 Factor. 

— 2 = 0 Set 1st factor equal to 0. 

ex = 2 Add 2 to each side. 

x = In 2 Inverse Property 

ex  — 1 = 0 Set 2nd factor equal to 0. 

ex  = 1 Add 1 to each side. 

X = in 1 Inverse Property 

X = 0 Simplify. 

The solutions are In 2 0.693 and 0. Check these in the 
original equation. 

; left- and right_ 
ex and y 2 72 

he intersect fea., 
of the graphing 

,ction point, as 
Aimate solution 

yi = 3(2x) and 
w. Use the inter. 
ace features to 
it, as shown in 
Aution is 3.807. 

12 

tion 
549 Y=42 L 

; solving as sep-
y to graphically 
IS 4e2x - 5 = 0, 
Use the zero or 
aphing utility to 
:?igure 3.26, you 
he approximate 

Write original equation. 

Add 4 to each side. 

Divide each side by 2. 

Take log (base 3) of each side. 

Inverse Property 

Add 5 to each side. 

Divide each side by 2. 

Use a calculator. 

Graphical Solution 

Use a graphing utility to graph y = e2x - 3ex + 2. 
Use the zero or root feature or the zoom and trace 
features of the graphing utility to approximate the 
values of x for which y = 0. In Figure 3.27, you can 
see that the zeros occur when x = 0 and when 
x 0.693. So, the approximate solutions are 0 and 
0.693. 

Y = -3ex + 2 

   

'Zero 
X=.69314718  

Figure 3.27 

Y=0 
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y =5+21n 
Intersection 
X=.60653066aY.4  
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Solving Logarithmic Equations 
To solve a logarithmic equation, you can write it in exponential form. 

In x = 3 Logarithmic form 

ex = e3 Exponentiate each side. 

x = e3 Exponential form 

This procedure is called exponentiating both sides of an equation. It is applied 
after the logarithmic expression has been isolated. 

EXAMPLE 6  Solving Logarithmic Equations 

Solve each logarithmic equation. 

a. ln x = 2 b. 1og3(5x — 1) = 1og3(x + 7) 

Solution 

a. ln x = 2 Write original equation. 

= e2 Exponentiate each side. 

x = e2 Inverse Property 

x 7.389 Use a calculator. 

The solution is e2  7.389. Check this in the original equation. 

b. log3(5x — 1) = 1og3(x + 7) Write original equation. 

5x — 1 = x + 7 One-to-One Property 

4x = 8 Add —x and 1 to each side. 

x = 2 Divide each side by 4. 

The solution is 2. Check this in the original equation. 

EXAMPLE 7  Solving a Logarithmic Equation 

Solve 5 + 2 ln x = 4. 

Algebraic Solution 

5 + 2 ln x = 4 Write original equation. 

2 In x = —1 Subtract 5 from each side. 

1.0. X = — Divide each side by 2. 

ein X = e-1/2 Exponentiate each side. 

x = e-1/2 Inverse property 

x 0.607 Use a calculator. 

The solution is e_1/2  ----- 0.607. Check this in the 
original equation. 

Graphical Solution 

Use a graphing utility to graph y1  = 5 + 2 ln x and y2  --= 4  in 
the same viewing window. Use the intersect feature or the zoom 

and trace features to approximate the intersection point, as 

shown in Figure 3.28. So, the approximate solution is 0.607. 

Figure 3.28 



y 1
_ 2(logio  3x  \ 

log io  5 ) 

Intersection 
X=8.3333333 Y=4 

14 

—2 

Figure 3.29 

—3 

Figure 3.30 
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ExAMPLE 8 Solving a Logarithmic Equation 

solve 2 log5 3x = 4. 

Solution 

2 log5 3x = 4 Write original equation. 

log5  3x -- 2 Divide each side by 2. 

510g5  3x -_, 52 Exponentiate each side (base 5). 

3x = 25 Inverse Property. 

X — T 
25 

Divide each side by 3. 

The solution is Check this in the original equation. Or, perform a graphical 

check by graphing 

Yi 2 log5 3x = 2(
logio 3.7c  
logio  5 ) 

and ) 72  = 4 

in the same viewing window. The two graphs should intersect when x = and 
y= 4, as shown in Figure 3.29. 

Because the domain of a logarithmic function generally does not include all real 
numbers, you should be sure to check for extraneous solutions of logarithmic 
equations, as shown in the next example. 

ASK -. 11•111•11•11•51.-

 

EXAMPLE 9  Checking for Extraneous Solutions 

Solve for x in the equation ln(x — 2) + ln(2x — 3) = 2 In x. 

Algebraic Solution Graphical Solution 

ln(x —2) + ln(2x —3) = 2 ln x 

ln[(x — 2)(2x — 3)] = ln x2 

ln(2x2  — 7x + 6) = ln x2 

2x2  — 7x + 6 = x2 

x2  — 7x + 6 = 0 

— 6)(x — 1) = 0 

x — 6 = 0  1—>  x = 6 

x — 1 = 0  1—>  x = 1 

Write original 
equation. 

Use properties of 
logarithms. 

One-to-One Property 

Write in general form. 

Factor. 

Set 1st factor equal 
to O. 

Set 2nd factor 
equal to 0. 

First rewrite the original equation as 
ln(x — 2) + ln(2x — 3) — 2 ln x = O. Then 
use a graphing utility to graph y = 
ln(x —2) + ln(2x — 3) — 2 ln x, as shown 
in Figure 3.30. Use the zero or root feature or 
the zoom and trace features of the graphing 
utility to determine that 6 is an approximate 
solution. You can verify that 6 is an exact 
solution by substituting x = 6 in the original 
equation. 

y=ln(x-2)+1n(2x-3)-21nx 
3  

0 9 

and y2  = 4 in 
ire or the zoom 
lion point, as 

on is 0.607. 1 

Finally, by checking these two "solutions" in the original equation, 
You can conclude that x = 1 is not valid. This is because when x = 1, 
111(x — 2) + ln(2x — 3) = ln(— 1) + ln(— 1), which is invalid be-
cause — 1 is not in the domain of the natural log function. So, the only 
solution is 6. 
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Applicatio_i 
To solve exponential equations

 

it is useful to first isolate the EXAMPLE 
exponential expression, then 

condense the logarithmic pan 
into a single logarithm, then 
rewrite in exponential form and 
solve for the variable. 
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Figure 3.31 

EXAMPLE 10  The Change-of-Base Formula 

logb  x  
Prove the change-of-base formula: log, x = 

log b a
. 

Solution 
Begin by letting y = loga  x and writing the equivalent exponential form aY = x. 
Now, taking the logarithms with base b of both sides produces the following. 

logb  aY = logb  x 

y logb  a = logb  x 

logb  x 

logb  x 
loga  x = 

loge  a 

Y= logb  a 
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Approximating Solutions 
Equations that involve combinations of algebraic functions, exponential func-
tions, and/or logarithmic functions can be very difficult to solve by algebraic 
procedures. Here again, you can take advantage of a graphing utility. 

EXAMPLE 11 Approximating the Solution of an Equation 

Approximate the solution of In x = x 2  — 2. 

Solution 
To begin, write the equation so that all terms on one side are equal to 0. 

ln x — x2  + 2 = 0 

Then use a graphing utility to graph 

y = —x2  ± 2 + ln x 

as shown in Figure 3.31. From this graph, you can see that the equation has two 
solutions. Next, using the zero or root feature or the zoom and trace features, you 
can approximate the two solutions to be 0.138 and 1.564. 

Check 

in x = x2  — 2 Write original equation. 

ln(0.138) Z (0.138)2  — 2 Substitute 0.138 for x. 

—1.9805 —1.9810 Solution checks. 

ln(1.564) Z (1.564)2  — 2 Substitute 1.564 for x. 

0.4472 0.4461 Solution checks. 

So, the two solutions 0.138 and 1.564 seem reasonable. 



   

1.8 

 

   

   

2 +ln x 
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Applications 

EXAMPI .E 12 Doubling an Investment 

you have deposited $500 in an account that pays 6.75% interest, compounded 

anuously. How long will it take your money to double? 
con 

solution
 Formula for continuous compounding, you can find that the balance in 

using the I 
the account is 

A = Pe" 

500e" "67't, 

To  find the time required for the balance to double, let A = 1000, and solve the 

resulting equation for t. 

Doubling an Investment 
A 

g 1100 

900 

Ts,  500: 
(9,500) 

300 

o 100 

2 4 6 8 10 

Time (in years) 

Figure 3.32 

dal equations, 
isolate the 
ssion, then 
of both sides 

variable. 

aic equations, 
rithmic part 
ithm, then 
itial form and 
ble. 

500e°. 

e° 

ln 

0675t =  1000 

0675t = 2 

0675t = In 2 

0.0675t = In 2 

1n2 

Substitute 1000 for A. 

Divide each side by 500. 

Take natural log of each side. 

Inverse Property 

t — 
0.0675 

t 10.27 

Divide each side by 0.0675. 

Use a calculator. 

The balance in the account will double after approximately 10.27 years. This 
result is demonstrated graphically in Figure 3.32. 

EXAMPI .E 13 Consumer Price Index for Sugar 

- 

From 1970 to 1997, the Consumer Price Index (CPI) value y for a fixed amount 
of sugar for the year t can be modeled by the equation 

y = —171.8 + 87.1 ln t 

where t = 10 represents 1970 (see Figure 3.33). During which year did the price 
of sugar reach 4.5 times its 1970 price of 28.8 on the CPI? (Source: U.S. Bureau 
of Labor Statistics) 

Solution 

—171 .8 + 87.1 ln t = y Write original equation. a.) 
200 

   

160 
— 171 .8 + 87.1 in t =  129.6 Substitute (4.5)(28.8) = 129.6 for y. 8 

 

87.1 ln t = 301.4 Add 171.8 to each side. a 6, 120 

   

80 
In t = 3.460 Divide each side by 87.1. 

  

eln r = e3.460 

t 31.8 

Exponentiate each side. 

Inverse Property 

 

40 

The solution is 31.8 years. Because t = 10 represents 1970, it follows that the 
Nice of sugar reached 4.5 times its 1970 price in late 1991. 

Figure 3.33 

Cost of Sugar 

 t 
10 20 30 40 

Year (10 <---> 1970) 
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jIliercis e 
In Exercises 1-8, determine whether each x-value is a 
solution of the equation. 

1. 42x-7  = 64 2. 23x+ 1  = 32 

(a) x = 5 (a) x = -1 

(b) x = 2 (b) x = 2 
3. 3ex+2 = 75 4. -4e-1  = -60 

(a) x = -2 + e25 (a) x = 1 + in 15 

(b) x = -2 + in 25 (b) x 3.7081 

(c) x - 1.2189 (c) x = In 16 

5. log(3x) = 3 6. 1og6(ix) = 2 

(a) x 20.3560 (a) x 20.2882 

(b) x = - 4 (p) x = 
1058 

(C) X = (c) x = 7.2 

7. ln(x - 1) = 3.8 8. -k1n(2 + = 

(a) x = 1 + e3 8 (a) x = e2-5  - 2 

(b) x - 45.7012 (b) x 

(C) x = 1 + in 3.8 (c) x = 

In Exercises 9-14, use a graphing utility to graph f 
and g in the same viewing window. Approximate the 
point of intersection of the graphs of f and g. Then 
solve the equation f(x) = g(x) algebraically. 

9. f(x) = 2x 10. f(x) = 27x 

g(x) = 8 g(x) = 9 

11. f(x) = log3  x 12. f(x) = 3 log5  x 

g(x) = 2 g(x) = 6 

13. f(x) = ln(x - 4) 14. f(x) = ln ex-2 

g(x) = 0 g(x) = 3x + 2 

In Exercises 43-60, solve the exponential equation 
algebraically. Round your result to three dPri a j 
places. Use a graphing utility to verify your answer

 

43. 10x = 570 44. 6" = 3000 

45. e\ = 10 46. 4e2x = 40 

47. 5-0  = 0.20 48. 4-3t  = 0.10 

49. 23-x = 565 50. 8-2-x = 431 

51. 500e- x = 300 52. 1000e-4x = 75 

53. 7 - 2ex = 5 54. -14 + 3ex --

 

55. e2x - 4e' - 5 = 0 56. e2x 5e" + 6 

57. 50(120 - ex/2) = 600 58. 1 
525 

- 27: 
+ e- x 

59.  (1  + 0.10)12' 
= 2 60. (16 + 0.878): 

12 26 

In Exercises 61-64, let f(x) represent the left sid 
the equation. Complete the table to obtain a ro 
estimate of the solution, and then use a graphing 
utility to graph both sides of the equation to obtain 
better estimate of the solution. Round your resul 
three decimal places. 

61. e3" = 12 

5 

15. 4x = 16 

17. 5x = 625 

19. 8x = 4 

21. (i)x  = 64 
23. 3x-1  = 27 

25. ln x - ln 5 = 0 

27. ex = 4 

29. ln x = -7 
31. logx  625 = 4 

16. 3" = 243 

18. 7x = 

24. ln x - 1n 2 = 0 

26. ex = 2 

28. In x = -1 

30. log4 x = 3 

32. logiox - 2 = 0 

In Exercises 15-36, solve for x. 

33. logio x = -1 

35. ln(2x - 1) = 0 

34. logio x = 

36. ln(3x + 5) 8 

In Exercises 37-42, simplify the expression. 

37. ln e X2 38. in e -" -1 
39.  e +2) 40. -1 + ln e2x 

41. e ln X2 42. -8 + e 3 

11 

= 0 

 

0.6 0.7 0.8 0.9 1.0 

f(x) 

     

      

62. e2x = 50 

 

1.6 1.7 1.8 

 

1.9 2.0 

f(x) 

      

       

63. 201 

4 
64. + 

f( 

In Exec 
ZOO')' an 
approxi 
accurat 

65. 23" 
67. 2-3' 

30 
73. 2 + 

In Exer 
function 
decimal 

75. g (x) 

77. g (t) 

In Exer 
algebrai 
places. 

79. in x 
81. 1n 4x 
83. 21n 
85. log„) 
87. 7 log 
89. in 

91. ln(x 
92. ln(x 2 

93. log4-1 
94. log3 

95. ln(x 

96. ln(x 
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104. loglo  x2  = 4 

106. ln 4x = 3 

103. logio(z - 4) = 1 

105. 3 ln x = 5 

107. ln x + ln(x - 3) = 1 

108. log2 x + 1og2(x + 5) = 1og2(x + 4) 

109. ln(x - 5) = ln(x - 3) - ln(x + 3) 

110. ln x + 1n(x2  + 4) = 10 

97. log10  8x - 1og10(1 + = 2 

98. log,, 4x - 10g10(12 + = 2 

In Exercises 99-102, let f(x) represent the left side of 
the equation. Complete the table to obtain a rough 
estimate of the solution, and then use a graphing 
utility to graph both sides of the equation to obtain a 
better estimate of the solution. Round your result to 
three decimal places. 

99. ln 2x = 2.4 

100. 3 ln 5x = 10 

101. 6 log3(0.5x) = 11 

102. 5 logio(x - 2) = 11 

In Exercises 103-110, use the zero or root feature or 
the zoom and trace features of a graphing utility to 
find an approximate solution of the logarithmic 
equation accurate to three decimal places. 

In Exercises 111-116, use a graphing utility to 
approximate the point of intersection of the graphs. 
Round your result to three decimal places. 

f(x) 

2 6 4 5 3 

f(x) 

7 6 8 5 

f(x) 

12 14 16 15 13 

f(x) 

170 160 165 155 150 

111. y1 = 7 112. y1  = -4 

y2  = 2x 
Y2 

= 3.7C + 1 - 2 

0 1 2 4 3 

f(x) 

9 8 7 6 5 
63. 20(100 - ex/2) _ 500 

f(x) 

400 = 350 
64. e- x 

In Exercises 65-74, use the zero or root feature or the 

zoom and trace features of a graphing utility to find an 
approximate solution of the exponential equation 
accurate to three decimal places. 

65. 23x = 50 

67. 2-3x = 0.90 

69. 5(10x-6) = 7 
0.065 \ 365t 

71. (1 +  
365 ) 

3000  
73. 2 

2 + e2x 

66. 4-42  = 0.10 
68. 8(103x) = 12 

70. 8(36-x) = 40 

=4 
72.  (4 2.471)9t 

40 
=21 

119  
e6x - 14 

In Exercises 75-78, use a graphing utility to graph the 
function and approximate its zero accurate to three 
decimal places. 

75. g(x) = 6e1-x - 25 76. f(x) = 3e3x/2  - 962 
77.  g(t) - e 0.09t 3 78. h(t) = e 0. 125t - 8 

In Exercises 79-98, solve the logarithmic equation 
algebraically. Round the result to three decimal 
places. Verify your answer using a graphing utility. 

79. ln x = -3 80. ln x = 2 
81. ln 4x = 2.1 82. ln 4x = 1 
83. 21n 3x = 19 84. 2 ln x = 7 
85. logio(z - 3) = 2 86. logm  x2  = 6 
87. 7 log4(0.64 = 12 88. 4 log,o(x -6) = 11 

89. ln + 2 = 1 90. ln Jx - 8 = 5 
91. ln(x + 1)2  = 2 
92.1n(x2  + 1) = 8 
93. log4 x - log4(x - 1) = 
94. log3  x + 1og3(x2  - 8) = log3  8x 
95. ln(x + 5) = ln(x - 1) - ln(x + 1) 
96. ln(x + 1) - ln(x -2) = ln x2 

ssion. 

- in e2x 
e  in x3 

ential equation 
three decimal 
your answer. 

3000 

= 40 

= 0.10 

= 431 
_ 75 

+ 3ex =- 11 

5ex + 6 = 0 

- = 275 ,-x 

0.878 3t) 

26 
=30 

the left side of 
obtain a rough 
Ise a graphing 
Lion to obtain a 
I your result to 



M(X) = 1 e-0.6114(x-69.71) 
100 

Males 

124. Trees per Acre The number of trees per acre N of 

a certain species is approximated by the model 
f(x) = 1 e-0.66607(x-64.51) Females 

100 
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113. yt  = 8 

Y2 = 4e- °2x 

115. y1 - 3 
Y2 = ln x 

114. y1  = 500 

y2  = 1500e-42 

116. y1  = 10 

y2  = 4 ln(x - 2) 

122. Demand Function The demand equation 
camcorder is 

4  
P = 5000(1 

4 + e- c 0°2x). 

Compound Interest In Exercises 117 and 118, find the 
time required for a $1000 investment to (a) double at 
interest rate r, compounded continuously, and (b) 
triple at interest rate r, compounded continuously. 

117. r = 0.085 118. r = 0.12 

119. Average Heights The percentages of American 
males and females between the ages of 18 and 24 
who are at least x inches tall are 

Find the demands x for prices of (a) p $6C1O 
(b) p = $400. 

123. Forest Yield The yield V (in millions of cub 
per acre) for a forest at age t years is 

= 6.7e-48.0. 

(a) Use a graphing utility to graph the function. 

(b) Determine the horizontal asymptote of the 
function. Interpret its meaning in the context of 
the problem. 

(c) Find the time necessary to obtain a yield of 1.3 
million cubic feet. 

C fee 

where m and f are the percentages and x is the 
height in inches. (Source: U.S. National Center 
for Health Statistics) 

(a) Use a graphing utility to graph the two func-
tions in the same viewing window. 

(b) Use the graph to determine the horizontal 
asymptotes of the functions. 

(c) What is the median height for each sex? 

120. Human Memory Model In a group project in 
learning theory, a mathematical model for the 
proportion P of correct responses after n trials was 
found to be 

0.83  
P= 1 + e-a2n• 

(a) Use a graphing utility to graph the function. 

(b) Use the graph to determine the horizontal 
asymptotes of the function. Interpret the mean-
ing of the upper asymptote in the context of the 
problem. 

(c) After how many trials will 60% of the responses 
be correct? 

121. Demand Function The demand equation for a 
camera is 

p = 500 - 0.5(e"°4x). 

Find the demands x for prices of (a) p = $350 and 
(b) p = $300. 

N = 68(10-0.04x), 5 x 40 

where x is the average diameter of the trees (in 
inches) three feet above the ground. Use the model 
to approximate the average diameter of the tees 
a test plot when N = 21. 

125. Data Analysis An object at a temperature of 
160°C is removed from a furnace and placed in 
room at 20°C. The temperature T of the ob'ec 
measured each hour h and recorded in the table. 

h 0 1 2 3 4 5 

T 160° 90° 56° 38° 29° 24° 

A model for this data is 

T = 20[1 + 7(2- h)]. 

(a) Use a graphing utility to plot the data points an 
graph the model in the same viewing window. 

(b) Use the graph to identify the horizontal asyllir 
tote of the model and interpret the asymptote in 

the context of the problem. 

(c) Approximate the time when the temperature 
the object is 100°C. 

Mir 

Aat4 
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Automobiles Automobiles are designed with 
crumple zones that help protect their occupants in 
crashes. The crumple zones allow the occupants to 

move short distances when the automobiles come to 

abrupt stops. The greater the distance moved, the 

less g's the crash victims experience. (One g is equal 
to  the acceleration due to gravity. For very short 

periods of time, humans have withstood as much as 

40 g's.) In crash tests with vehicles moving at 90 
kilometers per hour, analysts measured the number 
of g's experienced during deceleration y by crash 

dummies that were permitted to move x meters dur-
ing  impact. The data is shown in the table. 

 

0.2 0.4 0.6 0.8 1 

 

158 80 53 40 32 

Use the regression capabilities of a graphing 
utility to find a natural logarithmic model for 
the data. A second model for the data is 

y = —3.00 +11.88 ln x + (36.94/x). 

Graph both models with the data points in the 
same viewing window. Which model do you 
think is a better choice? Comment on accuracy 
and simplicity. 

(b) Use both models to estimate the distance 
traveled during impact if the passenger deceler-
ation must not exceed 30 g's. Comment on the 
difference in distances traveled given by the 
two models and the practical implications of 
choosing a model when designing the crumple 
zones. 

127. Comparing Mathematical Models The table 
shows the number y (in millions) of single compact 
discs (CDs) shipped annually by manufacturers 
from 1993 through 1997, where x = 3 represents 
1993. (Source: Recording Industry Association 
of America) 

x 3 4 5 6 7 

y 7.8 9.3 21.5 43.2 66.7 

(a) Create a scatter plot of the data. Find a linear 
model for the data, and add its graph to your 
scatter plot. Using this model, approximate the 
year that corresponds to an annual shipment of 
single CDs of 100 million 

(b) Create a new table giving values for in x and 
ln y and create a scatter plot of this transformed 
data. Use the method illustrated in Example 8 in 
Section 3.3 to find a model for the transformed 
data, and add its graph to your scatter plot. 
According to this model, approximate the year 
that corresponds to an annual shipment of single 
CDs of 100 million. 

(c) Solve the model in part (b) for y, and add its 
graph to your scatter plot in part (a). Which 
model better fits the original data? Which 
model will better predict future shipping levels? 
Explain. 

Synthesis 

True or False? In Exercises 128 and 129, determine 
whether the statement is true or false. Justify your 
answer. 

128. You can approximate the solution to the equation 
= 42 by graphing y = ex — 42 and finding its 

x-intercept. 

129. A logarithmic equation can have, at most, one 
extraneous solution. 

130. Think About It Is the time required for an invest-
ment to quadruple twice as long as the time for it to 
double? Give a reason for your answer and give an 
example to verify your answer algebraically. 

131. Writing Write a paragraph explaining whether or 
not the time required for an investment to double is 
dependent on the size of the investment. 

Review 

In Exercises 132-135, sketch the graph of the 
function. 

132. f(x) = 3X+ 3  — 5 133. f(x) = + 5 

134. f(x) = 2x+2  - 6 135. f(x) = x  + 3 

In Exercises 136-139, evaluate the logarithm using 
the change-of-base formula. Round your result to 
three decimal places. 

136. log7  11 137. log3  22 

138. log96 139. log21  140 

(a) 
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What did you learn? 

Section 3.1 Review Exercises 
E How to recognize and evaluate exponential functions with base a 1-4 

El How to graph exponential functions 5-26 

E How to recognize, evaluate, and graph exponential functions with base e 27-30 

ID How to use exponential functions to model and solve real-life problems 31-34 

Section 3.2 
E How to recognize and evaluate logarithmic functions with base a 

O How to graph logarithmic functions 

O How to recognize, evaluate, and graph natural logarithmic functions 

O How to use logarithmic functions to model and solve real-life problems 

Section 3.3 
O How to rewrite logarithmic functions with different bases 

El How to use properties of logarithms to evaluate or rewrite logarithmic 
expressions 

E How to use properties of logarithms to expand or condense logarithmic 
expressions 

35-44 

45-56 

57-60 

61,62 

63-66 

67-74 

75-86 

O How to use logarithmic functions to model and solve real-life problems 87,88 

Section 3.4 
• How to solve simple exponential and logarithmic equations 

E How to solve more complicated exponential equations 

El How to solve more complicated logarithmic equations 

El How to use exponential and logarithmic equations to model and solve 
real-life problems 

89-94 

95-104 

105-116 

117,118 

Section 3.5 
E How to recognize the five most common types of models involving 

exponential or logarithmic functions 119-124 

E How to use exponential growth and decay functions to model and 
solve real-life problems 125-127 

El How to use Gaussian functions to model and solve real-life problems 128 

E How to use logistic growth functions to model and solve real-life problems 129 

O How to use logarithmic functions to model and solve real-life problems 130 

O How to fit exponential and logarithmic models to sets of data 131-136 
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in  Exercises 1-4, use a calculator to evaluate 

the  expression. Round your answer to three decimal 

places. 

3. 
l 

1. (1..495) 

5

2v 

lnEe graphs [The are labeled (a), (b), (c), (d), (e), and (f).] 

(a) 
5 (b) 

In Exercises 27-30, use a calculator to evaluate the 
expression. Round your result to three decimal places. 

27. e-8/3 28. e-1-

 

29. 6e4 ' 2 30. -ie-3/5 

2. -;/6240 

4. 136(5-1-1) 

5-10, match the function with its graph. 

21. g(t) = 8 - 0.5e- t/4 

23. g(x) = 200e4/x 

10  
25. f(x) - 

1 + 2-005x 

22. h(x) = 12(1 + cx/2) 

24. f(x) = 

12  
26. f(x) - 

1 + 4- x 

5 

-5 4 4 

-5 

 

(d) 

 

4 

 

7 

-4 5 

  

-2 

 

5 

In Exercises 31 and 32, complete the table to deter-
mine the amount of money P that should be invested at 
rate r to produce a final balance of $200,000 in t years. 

1 10 20 30 40 50 

 

31. r = 8%, compounded continuously 

32. r = 10%, compounded monthly 

33. Depreciation After t years, the value of a car that 
originally cost $26,000 is 

3  t 
V(t) = 26,004 ) -4 . 

 

(a) Use a graphing utility to graph the function. 

(b) Find the value of the car 2 years after it was 
purchased. 

(c) According to the model, when does the car depre-
ciate most rapidly? Is this realistic? Explain. 

34. Fuel Efficiency A certain automobile gets 28 
miles per gallon of gasoline for speeds up to 50 miles 
per hour. Over 50 miles per hour, the number of 
miles per gallon drops at the rate of 12% for each 
additional 10 miles per hour. If s is the speed and y 
is the number of miles per gallon, then 

y 280.6 0.012S

, 

> 50. 

Use the model to complete the table. 

-5   4 

-2 '  

5 

5. f(x) = 4x 6. f(x) = 4- x 

7. f(x) = _4x 8. f(x) = 4x + 1 

9. f(x) = 4- x - 1 10. f(x) = 4- x ± 1 

In Exercises 11-20, sketch the graph of the function. 
Use a graphing utility to verify your graph. 

12. f(x) = 0.3x 

14. g(x) = 0.3- x 

16. f(x) = ex+ 2 

18. f(x) = 3 - e- x-2 

20. f(x) =- 6e-3/x, x> 0 50 

-5 

11. f(x) = 6' 
13. g(x) =- 6- x 
15. h(x) = e- x/2 
17. h(x) = 2 - e- x/2 

19. s(t) = 4e-2/t, t > 0 55 60 65 70 

28 In Exercises 21-26, use a graphing utility to graph the 
function. Identify any asymptotes. 
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" 

En In Exercises 35-38, write the exponential equa-
tion in logarithmic form. 

35. 43  = 64 36. 35  = 243 

37. 253/2  = 125 38. 12-1  = 

In Exercises 39-44, evaluate the expression without 
using a graphing utility. 

39. log8  8- °.34 40. log7  1 

41. log6  216 42. log4  1024 

43. log36 44. log10  0.001 

In Exercises 45-52, sketch the graph of the function. 
Use a graphing utility to verify your graph. 

45. g(x) = -log2  x + 5 46. g(x) = 1og5(x - 3) 

47. f(x) = log2(x - 1) + 6 

48. f(x) = 1og5(x + 2) - 3 

49. f(x) = ln x + 3 50. f(x) = ln(x - 3) 

51. h(x) = ln x 52. f(x) = ln x 

In Exercises 53-56, use a graphing utility to graph 
the function and determine its domain. 

53. y = logax2  + 1) 54. y= - 2 loglo(4 - x2) 

55. y = ln(x + 1) 56. y = 
14 In x 

62. Earthquake Magnitudes The magnitude M 0 
earthquake measured on the Richter scale 
found using the model 

M = i(logio  E - 11.4) 

where E is the energy of the earthquake (in ergs) 
Use a graphing utility and the table shown below to 
find the ratio of the magnitudes of the earthquah .es 

Earthquake E (ergs) 

San Francisco, 1906 7.079 x 1023 

Japan, 1933 5.623 x 1024 

Armenia, 1988 3.981 x 1021 

Russia, 1995 6.310 x 1022 

Indonesia, 1996 4.467 x 1022 

(a) Japan and San Francisco 

(b) Russia and Indonesia 

(c) Indonesia and Armenia 

Ea  In Exercises 63-66, evaluate the logarithm 
using the change-of-base formula. Do each problem 
twice, once with common logarithms and once with 
natural logarithms. Round the result to three decimal 
places. 

f an 
Ca be be 

In Exercises 57-60, evaluate the expression without 
using a graphing utility. 

63. log4  9 

65. log12  200 

64. log1/2  5 

66. log3  0.28 

57. ln 58. in 1 

59. 6 ln e 60. - ln e-1°/11 

61. Climb Rate The time t (in minutes) for a small 
plane to climb to an altitude of h feet is 

18,000  
t = 50 log10 

18,000 - h 

where 18,000 feet is the plane's absolute ceiling. 

(a) Determine the domain of the function appropri-
ate for the context of the problem. 

(b) Use a graphing utility to graph the time function 
and identify any asymptotes. 

(c) As the plane approaches its absolute ceiling, 
what can be said about the time required to 
further increase its altitude? 

(d) Find the time for the plane to climb to an altitude 
of 4000 feet. 

In Exercises 67-70, rewrite the expression in terms of 
in 4 and ln 5. 

67. In 20 68. ln 45 - 2 in 3 

69. ln 70. ln 

In Exercises 71-74, approximate the logarithm using 

the properties of logarithms, given that logb 2z 

0.3562, logb  3 0.5646, and logb  5 0.8271. 

71. logb  25 72. logg) 

73. logb 74. logb  30 

In Exercises 75-80, rewrite the expression as a sum 
difference, and/or multiple of logarithms. 

75. log5  5x2 76. log7 
4

 

x- 1 
77. log10 

x
2 78. in 

x + 1 



(c) (d) 

4 - 
2 - 

1 1 1 
-4-2 2 4 
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• Review Exercises 277 

;nitude Ai of 
a

 
er scale can 

be 

quake (in ergs) 
shown below t(; 
le earthquakes. 

23 

24 

21 

22 

22 

the logarithm 
) each problem 
and once with 

o three decimal 

5 

28 

sion in teyans of 

- 2 in 3 

ogarithm using 
I that logo  2 
1.8271. 

ssion as a sum, 
ms. 

/7x 

1 
1  
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forcises 81-86, write the expression as the loga-

rithm of a single quantity. 

1,  log2 5  + log2  x 
82. log6  y - 2 log6  z 

8  
83.  in12x - 11 - 21nlx + 11 

84, 5 x - 21 - + 21 - 3 lnlx1 

85.in  3 + ln(4 - x2) - ln x 

86.3[1n x - 21n(x2  + 1)] + 2 ln 5 

87, Snow Removal The number of miles s of roads 

cleared of snow is approximated by the model 

13 ln(h/12)  
s  25 , 2 h 15 

ln 3 

where h is the depth of the snow (in inches). 

(a) Use a graphing utility to graph the function. 

(b) Complete the table. 

4 6 8 10 12 14 

(c) Using the graph of the function and the table, 
what conclusion can you make as the depth of 
the snow increases? 

88.Human Memory Model Students in a sociology 
class were given an exam and then were retested 
monthly with an equivalent exam. The average 
score for the class was given by the human memory 
model, f(t) = 85 - 14 logw(t + 1), 0 t 4, 
where t is the time in months. How did the average 
score change over the 4-month period? 

al In Exercises 89-94, solve for x. 

89. 8x --= 512 90. 3x = 729 

91. 6x  = 92. 6x-2  = 1296 
93. log7  x = 4 94. logx  243 = 5 

In Exercises 95-104, solve the exponential equation. 
Round the result to three decimal places. 

95. ex = 12 96. ear = 25 
97. 3e-5x = 132 98. 14e3x+2  = 560 
99. ex + 13 = 35 100. er - 28 = -8 

101. -4(5x) = -68 102. 2(12x) = 190 
103. e2x - 7ex + 10 = 0 104. e2x  - 6ex + 8 = 0  

In Exercises 105-116, solve the logarithmic equation. 
Round the result to three decimal places. 

1n 3x = 8.2 106. ln 5x = 7.2 

21n4x = 15 108. 4 ln 3x = 15 

ln x - 1n3 = 2 110. ln-,/x + 8 = 3 

ln + 1 = 2 112. ln x - ln 5 = 4 

logidx - 1) = logidx - 2) - logidx + 2) 

logio(x + 2) - 1og10 x = logio(x + 5) 
1og10(1 - = -1 116. logio(-x - 4) = 2 

117. Finance You deposit $7550 into an account that 
pays 7.25% interest, compounded continuously. 
How long will it take the money to triple? 

118. Economics The demand equation for a certain 
product is modeled by p = 500 _ 0.5e0.004x.  Find 

the demand x that corresponds to a price of (a) 
p = $450 and (b) p = $400. 

In In Exercises 119-124, match the function on 
page 360 with its graph. [The graphs are labeled (a), 
(b), (c), (d), (e), and (f).] 

105. 

107. 
109. 
111. 
113. 
114. 
115. 
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1. You 

for 
annu 
inter 
duce 

(a) 
ec 

(b) 
ti 

2. Whic 
balm 

157  
N= 

1 + 5.4e-0.12t • 

Find the time necessary to type (a) 50 words per 
minute and (b) 75 words per minute. 

130. Earthquake Magnitude On the Richter scale, the 
magnitude R of an earthquake I is 

R = log10  -T• 
io 

137. logb  b2x = 2x 

139. ln(x + y) = ln x + ln y 

140. ln(x + = ln(xy) 

141. logio( 1± )) = 1 - logio  x 

142. The domain of the function f(x) = in x is the set al 

all real numbers. 

ex 
138. e-i = - 

where 10  = 1 is the minimum intensity used for 
comparison. Find the intensity per unit of area for 
the following values of R. 

(a) R = 8.4 (b) R = 6.85 (c) R = 9.1 

1111111111.117 7 
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119. y = 3e-243 120. y = 4e2V3 

121. y = ln(x + 3) 122. y = 7 - loglo(x + 3) 

123. y = 2e-  (x +4)213 124. y = 
1 + 2e-2x 

6  

125. Population The population of a town is modeled 
by 

P

 

= 12,620e0.0118t 

where t = 0 represents 2000. According to this 
model, when will the population reach 17,000? 

126. Radioactive Decay The half-life of radioactive 
uranium II (234U) is 250,000 years. What percent of 
the present amount of radioactive uranium II will 
remain after 5000 years? 

127. Compound Interest A deposit of $10,000 is made 
in a savings account for which the interest is com-
pounded continuously. The balance will double in 
12 years. 

(a) What is the annual interest rate for this account? 

(b) Find the balance after 1 year. 

(c) The effective yield of a savings plan is the 
percent increase in the balance after 1 year. 
Find the effective yield. 

128. Test Scores The test scores for a biology test 
follow a normal distribution modeled by 

y = 0.0499e-(x-71)2/128. 

(a) Use a graphing utility to graph the equation. 

(b) From the graph, estimate the average test score. 

129. Typing Speed In a typing class, the average num-
ber of words per minute N typed after t weeks of 
lessons was found to be 

In Exercises 131-134, find the exponential 
uon y = Aebx that passes through the two points. 

131. (0, 2), (4, 3) 132. (0, 2), (5, 1) 

133. (0, (5, 5) 134. (0, 4), (5,1) 

135. Exponential Model Use a graphing utiiit. 
to find an exponential model y = abx throti Yh 
the points (0, 250), (4, 135), (6, 92), and (10, 677 
Graph the data and exponential model in the same 
viewing window. 

136. Net Profit The table shows the net profit p 
(in millions of dollars) of the Bristol-Myers Squibb 
Company for 1990 through 1998. (Source 
Bristol-Myers Squibb Company) 

Year 1990 1991 1992 1993 P 

P 1748.0 2056.0 2108.0 2269.0 2 

Year 1995 1996 1997 1998 

P 2600.0 2850.0 3205.0 3141.0 

(a) Make a scatter plot of the data. Let t represent the 
year, with t = 0 corresponding to 1990. 

(b) Use a graphing utility to find an exponential 
model P = abt for the data. Let t = 0 represent 
1990. 

Synthesis 

True or False? In Exercises 137-142, determine 
whether the equation or statement is true or false 
Justify your answer. 
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Chapter Te 

Take this test as you would take a test in class. After you are done, check your 
work against the answers in the back of the book. 

1. Sketch the graph of the function f(x) = 2-x +1 3 by hand. 

2. Use a graphing utility to graph f and determine its horizontal asymptotes. 

1000  
f(x) = 

1 + 4e- ux 

3. Determine the principal that will yield $200,000 when invested at 8% com-
pounded daily for 20 years. 

4. Write the logarithmic equation log4  64 = 3 in exponential form. 

5. Sketch the graph of the function g(x) = 1og3(x - 2) by hand. 

( 6x 2  

,./X2 

In Exercises 7 and 8, evaluate the expression without using a calculator. 

7. log 5 25 8. -2 ln e2  + 1 

In Exercises 9-11, solve the equation. Round to three decimal places. 

9. 8 + iex/2  = 450 10. (1 + —4 3 
0.06)4t 

=
 

12. A truck that costs $28,000 new has a depreciated value of $20,000 after 1 
year. Find the value of the truck when it is 3 years old by using the expo-
nential model y = aebx 

13. The average time between incoming calls at a switchboard is 3 minutes. The 
probability of waiting less than t minutes for the next incoming call is 
approximated by the model F(t) = 1 - et/3.  If a call has just come in, find 
the probability that the next call will come within (a) minute, (b) 2 min-
utes, and (c) 5 minutes. 

14. The population of a certain species t years after it is introduced into a new 

habitat is p(t) = 
1200

 . (a) Determine the initial size of the population. 
1 + 3e- t15 

(b) Determine the population after 5 years. (c) After how many years will 
the population be 800? 

15. By observation, identify the equation that corresponds to the graph shown at 
the right. Explain your reasoning. 

(a) y = 6e- x2/2 (b) y = 6 (c) y = 6(1 - 6.'2/2) 
1 + e- x/2 

16. The numbers of cellular-phone subscribers y (in millions) for the years 1993 
through 1997 are (3, 16.0), (4, 24.1), (5, 33.8), (6, 44.0), and (7, 55.3), where 
x is the time (in years) and x = 3 corresponds to 1993. Use a graphing util-
ity to fit an exponential model to the data. Sketch a scatter plot of the data 
and graph the model in the same viewing window. (Source: Cellular 
Telecommunications Industry Association) 

6. Use the properties of logarithms to expand ln 

11. 3.6 - 5 ln(x + 4) = 22 

The Interactive CD-ROM and Internet 
versions of this text provide answers to 
the Chapter Tests and Cumulative Tests. 
They also offer Chapter Pre-Tests (that 
test key skills and concepts covered in 
previous chapters) and Chapter Post 
Tests, both of which have randomly 
generated exercises with diagnostic 
capabilities. 

11. 

-2 

FIGURE FOR 15 

5 

8 

VT 5 

19. 
1 

In E; 

17. ( 



10 10 

A82 Answers to Odd-Numbered Exercises and Tests 

7.  

5 

-35 

-2, 

8. +1, +2, 4 

1111111 11111111 9 9 

7. 

1! 

+ 

13. -0.819, 1.380 

15. f (x) = x4  - 9x3  + 28x2  - 30x 

16. f(x) = x 4  - 6x3  + 16x2  - 24x + 16 

17. f(x) = x4  + 3x3  - 8x2  + 10x 

18. 19. 

9. -9 - 18i 10. 6 + (2 

11. 13 + 4i 

 

12. 44 + i 

14. - 1.414, -0.667, 1.414 

4 

3 

2 

-7 -6 -5 -4 

-9 -8 -7 -6 

(-.2,0) 

-2 

-3 

35. 

20. 

Chapter 3 

Section 3.1 (page 225) 

1. 4112.033 3. 77,494.076 5. 19.568 

9. 9897.129 11. f(x) = h(x) 

13. f(x) = g(x) = h(x) 15. (c) 17. (e) 

21. (a) 23. Right shift of 5 units 

25. Left shift of 4 units and reflection in x-axis 

29. 27. 

-5 -4 -3 - 

(a) y = 0 

(b) (0, 1) 

(c) Increasing 

31. y  

(a) y = 0 

(b) (0, 1) 

(c)Decreasing 

33. 

2 3 4 

(a) y = 0 (a) y = -3 

(b) (0, -1-5) (b) (0, -2), (-0.683, 0) 

(c) Increasing (c) Decreasing 

x -1 0 1 2 3 

f(x) 0.4 1 2.5 6.3 15.6 

21. 24.8 years 
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x -1 0 1 2 

f(x) 0.2 1 6 36 

45. 47. 
2 

7. 1.649 3 3 

9 9 

19. (g) 
-2 -2 

y 0 

49. 
y= 1 

51. 
11 

39. 

9 9 -9 -9 

x -3 -2 0 1 

f(x) 

 

1 9 27 

1 2 s(t) = 0 y = 0 

53. (a) 
x -1 -0.5 0 0.5 1 

f(x) 0.3333 0.5774 1 1.7321 3 

g(x) 0.25 0.5 1 2 4 

x < 0 

 JC 3 (b) 41. 
x -7 -6 -5 -4 -3 

f(x) 0.1 0.4 1.1 3 8 

3 3 

(-0.683,0) (i) 4x < 3x when x <0 (ii) 4X>  3x when x > 0 

55. (a) 11 

x 2 3 4 5 6 7 

f(x) 2.0 2.1 2.4 3 4.7 9.3 

-9 

(b) 
x -30 -20 -10 0 

f(x) 0.0000024 0.00036 0.054 4 
9 

8 

7 

6 

4 

3 

x 10 20 30 

f(x) 7.95 7.9996 7.999998 

y = 0, y = 8 

I  
2 3 4 5 6 7 8 9 



71.  (a) 1200 

2000 

15 
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(b) Decreasing on (-cc, 0), (2, co) 

Increasing on (0, 2) 

(c) Relative minimum at (0, 0) 

Relative maximum at (2, 0.541) 

61. (a) 5 

-3 

(b) Increasing on (-cc, 1.443) 

Decreasing on (1.443, co) 

(c) Relative maximum at (1.443,4.246) 

n 1 2 4 12 365 Continuous 

A 5397.3 5477.8 5520.1 5549.1 5563.4 5563.85 

(b) P(0) = 100; P(5) 300; P(10) 90e 

75. (a) 25 units (b) 16.30 units 

(c) 30 

5000 

(d) Never. The graph has a horizontal asymptote at Q 

77. (a) and (b) 

125 

2 10 

63. 

10 

-15 

x -20 -10 0 3 3.4 3.46 

f(x) -3.03 -3.22 -6 -34 -230 -2617 

69. 

 

1 10 20 30 40 

A 12,804 22,946 43,877 83,902 160,, 

x 3.47 4 5 7 10 15 25 

f(x) 3516 27 8 2.9 1.1 0.3 0.04 

y = -3, y = 0, x 3.46 

59. (a) 7 

9 

x 100 200 300 400 

P 849.53 717.64 603.25 504.94 

x 500 600 700 

P 421.12 350.13 290.35 

(b) $421.12 

(c) $350.13 

(d) 

n 1 2 4 12 365 Continuous 

A 11,652 12,003 12,189 12,317 12,380 12,382.58 

t 1 10 20 30 40 50 

A 12,999 26,706 59,436 132,278 294,390 655,178 

65. 

67. 

15 

-10 

57. (a) 

(b) 

The model fits the data well. 

   125 
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(c) 1.746 37. 1.869 

50 

x 0 25 50 75 100 

y 15 47 82 96 99 

31. 2.538 33. -0.097 35. 

39. 7.022 41. 22.276 

 

43. 

 

y 

 

45. 

306,782 (d) 64.7% (e) 37.4 

79. (a) 4° (b) $35.45 

°20 
10 

81. True 

Reflections in the 
line y = x 
g  = f-1 

83. 8 

0 

4.94 -9 

Y2 Yi 

  

Y4 
III/ 

  

Reflections in the 
line y = X 

g = 

47. (c) 49. (d) 51. (b) 

53. Domain: (0, co) 

Vertical asymptote: x = 0 

Intercept: (1, 0) 
-4 

(a) y = 

(b) The exponential function increases at a faster rate. 

(c) It usually implies rapid growth. 

85. 1 < < 2, so 21  < < 22 

87. 6 

Y2 6 

55. Domain: (3, no) 

Vertical asymptote: x = 3 

Intercept: (4, 0) 4 

10 8 2 

-6 

-4 - 
Answers will vary. 

89. f -1(x) = - i) 

93. 

91. No inverse function 

95. 

57. Domain: (0, on) 

Vertical asymptote: x = 0 

Intercept: (9, 0) 

2 

raptote at Q 0. -IO-0-6-4-2j. 2 4 6 8 10 

59. Domain: (3, co) 

Vertical asymptote: x = 3 

Intercept: 
(3 + 6_6,0) (3,0) 

Section 3.2 (page 236) 

1. 43  = 64 3. 7-2  = 11§ 5. 322/5  = 4 7. e° = 1 

9. log8  125 = 3 11. 1og81 3 = 13. log6  = -2 

15. ln 20.0855. . . = 3 17. ln 13.463. . . = 2.6 

19. 4 21. -1 23. -2 25. 9 27. 8 29. 2 
11111 I, -v 
4 5 6 7 8 9 

A 

9 - 
8 - 
7 - 
6 - 
5 - 
4 - 
3 - 
2 - 
1 - 

1  
-1 
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110 1 1 I. i 1 1 I  

r 0.005 0.010 0.015 

t 138.6 69.3 46.2 

r 0.020 0.025 0.030 

t 34.7 27.7 23.1 

77. 

As the growth rate of the population increases, the time for the population to double decreases. 
79. (a) 120 decibels (b) 100 decibels (c) No 

81. (a) 15 cubic feet per minute (b) 382 cubic feet 
(c) 382 square feet 

83. 10 years 

85. Total amount: $199,108.80; Interest: $49,108.80 

87. True 89. 4  

 

(b) Domain: (0, co) 

11 

(c) Decreasing: (0, 2); Increasing: (2, co) 

(d) Relative minimum: (2, 1.693) 

69. (a) 6 (b) Domain: (0, cc) 

6 

-2 

(c) Decreasing: (0, 0.37); Increasing: (0.37, cc) 

(d) Relative minimum: (0.37, - 1.47) 

71. 23.68 years 73. (a) 80 (b) 68.1 (c) 62.3 

75. (a) 350 

150 

The model fits the data well. 

(b) 67.3 pounds per square inch (c) 306.5°F 

-4 

(b) 0 

(c) 05 

100 

x 

 

15 10 102 104 106 

1(x) 0 0.322 0.230 0.046 0.00092 0.0000138 

91. (a) 

93. Vertical asymptote: x = 0 

95. Vertical asymptote: x = 7 97. 33.115 99. 0.002 

Section 3.3 (page 244) 

1. 3 

-3 

f= g 

3. 1.771 5. -2 7. -0.102 9. 2.691 

logio  x In x loglo x lox i 
11. (a) (b) - 13. (a) ")) In -5- log10  5 In 5 log10 

6 

2 

63. Domain: (2, oo) 

Vertical asymptote: x = 2 

Intercept: (3, 0) 

4 

2 -10 

-4 

65. Domain: (-cc, 0) 

Vertical asymptote: x = 0 

Intercept: (-1, 0) 
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61. Domain: (0, co) 

Vertical asymptote: x = 0 

Intercept: (5, 0) 
5 

-3 

4 

10 

-4 .  In l 3

 

7 67. (a) 

1 1 1 1 1 1 a 1 1  



99. 0.002 

22 2 

-2 

yi  = y2  for positive values of x. 

1. In 4x 51. log4-z 
53. 1og2(x + 3)2 

x x - 2 . log3  - 57. Z/77.-X 59. In 
In (x + 1)3 x + 2 

63. ln ..Vx (x  ± 3)2 . ln 
(x2 x- 4)2 x2  - 1 

. ln 
Z/Y(Y ± 4)2 9  

67. ln  

 

y - 1 ./x2  + 1 

6 71. 

9 9 9 

-6 -6 

No. The domains differ. 
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• 
• 

• 

30 
20 

73. 2 75. 6.8 77. -4 is not in the domain of log2  x. 
79. 2 81. -4 83. 0 is not in the domain of log„ x. 

85. 8.5 87. 89. i'(1 + log7  10) 

91. -3 - log, 2 93. 6 + 1n5 

95. (a) 120 + 10 log„/ 

(b) 

I 10-4 10-6 10-8 10-10 10-12 10-14 

B 80 60 40 20 0 -20 

97. (a) eo 

I 30 

• 
• 

• 
I I I I I I Si  

20 

(b) T = 54.438(0.964)x + 21 
80 

(c) ln(T - 21) = -0.037t + 3.997 

T  = e(- 0.0371+ 3.997) ± 21 

(d) 0.07 

1  T - + 21 
0.0012t + 0.0162 

80 

30 I I I I 

20 

30 

30 

11111  

• 
111111111  

61 

65 

69 

-4 -4 

-4 -4 

27. log„ 5 + log„ x 29. log10  5 - log„ x 

31. 4 log8  x 33. lnz 35. ln x + In y + in z 
37. ln(a - 1) 39. ln z + 2 ln(z - 1) 

41. lnx - lny 43. 4 lnx + - 5 lnz 

45. 2 logbx - 2 log, y - 3 logb  z 

-2 10 2 

feet 

1 11 11 1 

3 log„ 
0. (a)  

log„ x 
logio  x 

19. log„ 2 
4 

17. (a) 
log„ x  

log„ 2.6 

logth  x  
21. 

log„ 
4 

10 2 

ln x  
(b) 1n2.6 

(b)  ln  
In x 

-2 the time for 

fr. 14 

30 

10 

10 

In x 
2 

In x 
25. 

ln 3 
4 

3. In 11.8 
4 

106 

0.0000138 



10 

9 

-5 

(9, 2) (3,8) 
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99. False. In 1 = 0 101. False. f(x) - f(2) = In 

103. False. u = v2 

105. 

10 

-4 

f(X) = h(X). The graphs are indentical because for each 
positive value of x, Property 2 of logarithms holds. 

107. Answers will vary. 

109. 

15. 2 17. 4 19. 21. -3 23. 4 25 

27. 1n4 1.386 29. e -7 0.00091 31. 5 

33. 0.1 35. 1 37. x2 39. 5x + 2 

43. 2.756 45. In 10 2.303 47. 2 

51. 0.511 53. 0 55. 1n5 1.609 

57. 21n 108 9.364 59. 6.960 

x 0.6 0.7 0.8 0.9 1.0 

f(x) 6.05 8.17 11.02 14.88 20.09 

-3 

0.828 

x 5 6 7 8 9 

f(x) 1756 1598 1338 908 200 

113. 3 ± ,T7 115. ±4,±v 117. ±2,6 

119. 0.052 121. 15,235.494 123. 2.342 

125. 0.697 

Section 3.4 (page 254) 

1. (a) Yes (b) No 

3. (a) No (b) Yes (c) Yes, approximate 

5. (a) Yes, approximate (b) No (c) Yes 

7. (a) Yes (b) Yes, approximate (c) No 

9. 11. 
11 5 

-9 

13. 

2 

-4 

(5,0) 

61. 

63. 

5 

-20 

-4 

12.207 

83. 4453.242 85. 103 

-30 

-0.427 

79. 0.050 81. 2.042 

87. 17.945 89. 5.389 91. 1.718, -3.718 93. 2 

95. No real solution 97. 180.384 

600 

12 

8.635 

65. 1.881 67. 0.051 69. 6.146 71. 21 110 

73. 3.656 

75. 77. 

4 

6 

6 

4 



30 

If /11111111111111  0 
0 

-9 

2 

5.0 1998 

1.0 .1- • f' IIIII 20 

a 

• 

2 
0
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(b) y = 100 and y = 0 

(c) Males: 69.71 inches; Females: 64.51 inches 

121. (a) 1426 units (b) 1498 units 

123. (a) 10 

1500 IT 

(b) y = 6.7. Yield will approach 6.7 million cubic feet 
per acre. 

(c) 29.3 years 

125. (a) 175  

1 1 6 

1. 

- 6.1 

)9 
10 

2 111111111 

x 2 3 4 5 6 

f(x) 1.39 1.79 2.08 2.30 2.48 

9. 

6 5.512 

10 

-2 

x 12 13 14 15 16 

f(x) 9.79 10.22 10.63 11.00 11.36 

1. 

14.988 

3. 14 105. 5.294 107. 3.729 109. 5.275 

4 

21 

1. 10 

,1.330 

11 

5. 5 

y1 

(2.807, 7) 

)5. 103 

; 93.2 
7. (a) 8.2 years 

9. (a) 110  

(b) 12.9 years 

3. 

10 

11 

11 

11 

9 

(20.086, 3) 

10 

(-3.466, 8) 

(b) y = 20. Room temperature 

127. (a) y = 15.17x - 46.15 

80 

(c) 0.81 hour 

1999 

(b) ln y = 2.706 In x - 1.175 

2.0 

(c) y = e 2.7061nx- 1.175 

60 
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129. False. 
For example, ln(2x - 1) + ln(x + 2) = ln(x2  - x + 1) 
has 2 extraneous solutions, x = -1 and x = -3. 

131. No. It is dependent on the interest rate. 

2 29. 

133. 135. 
10 

Initial Amount After 

    

I  

  

9

78

 

      

Continuous compounding 

    

Half-Life 

  

5 

 

Isotope (years) 

  

3 

    

2 

 

31.  226Ra 1620 

    

33. 14C 5730 

  

11111 
-5 -4 -3 -2 -1 

11111)x 
I 2 3 4 5 

     

35. 2023 37. k = 0.0112; 

137. 2.814 139. 1.623 

 

41. 95.8% 

Interes 
Less in 

61.  y = e0.768 

65. (a) t O. 

(b) 
5 

Section 3.5 (page 266) 
1. (c) 3. (b) 5. (d) 7. Logarithmic model 

9. Gaussian model 11. Exponential model 

13. Gaussian model 

15. 17. 

Quantity 1000 Years 
10 g 6.52 g 

3 g 2.66 g 

2796 39. 3.15 hours 

43. (a) V = -4500t + 22,000 (b) V = 22,000e-8•263t 

(c) 25.0° 0 

20 

5 

5 

A 
9 -

 

8-

 

7-

 

6-

 

5-

 

4- 
e
ll 

3-

 

2-• 

• 
• 

• 

9 - 
8 - 

• 
7- S. 
6-

 

5-

 

4-

 

3-

 

2-

 

• 

• (c) 
• 

Exponential 

(d) 1 year. Straight-line: $17,500; Exponential: $16,912 
3 years. Straight-line: $8500; Exponential: $9995 

(e) Value decreases $4500 per year. 

45. (a) S(t) = 100(1 - e-M6258) 
- 

111111111)x 111111111)x 
123456789 123456789 

00 (b) (c) 55,625 

Logarithmic model Linear model 

Initial Annual Time to Amount After 
Investment % Rate Double 10 Years 

19. $1000 12% 5.78 yr $3320.12 50 

21. $750 8.94% 7.75 yr $1833.67 

23. $500 9.5% 7.30 yr $1292.85 

25. $6376.28 4.5% 15.4 yr $10,000.00 

27. (a) 

(d) Model: 
47. (a) N = 30(1 - e- " 80') (b) 36 days 

(c) No. It is not a linear function. 

49. (a) 7.6 (b) 7.1 

51. (a) 20 decibels (b) 70 decibels (c) 120 decibels 

 

2% 4% 6% 8% 10% 12% 

 

54.93 27.47 18.31 13.73 10.99 9.16 57. 10,000,000 times 53. 95% 55. 4.64 

59. (a) 850 
(b) 

Model: 

Model: r3 

Model: / 4 

Quadratic 

67. 7:30 A.M. 

69, (a) y = 0.081 

(b) y = 4.5361 

(c) The linear: 

(d)"Linear: 6.5 
30 

0 

t = 60.89(3.613 x 10-8)r 

a 0 14 

(b) Interest. t 20.7 years 



20 

17 

UTS 

- 0.263, 

II ccibels 
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Interest. t 10.7 years 
Less interest is paid over the life of the loan. 

61
.

 y = e 0.768x 

65. (a) t3  = 0.2729s - 6.0143; t4  = 1.53850.°291s 

(b) 

20 
0 

20 

25 

25 

25 

25 

100 20 100 

100 20 
0 

 

• 

s 30 40 50 60 70 80 90 

t1 3.6 4.7 6.7 9.4 12.5 15.9 19.6 

 

3.3 4.9 7.0 9.5 12.5 15.9 19.9 

t3 2.2 4.9 7.6 10.4 13.1 15.8 18.5 

4 3.7 4.9 6.6 8.8 11.8 15.8 21.1 

(d) Model: t 1; Sum 1.9 

Model: t2; Sum = 1.1 

Model: t3; Sum 5.6 

Model: t4; Sum 2.6 

Quadratic model fits best. 

67. 7:30 A.M. 

69. (a) y = 0.082x + 4.45 

(b) y = 4.536(1.015)x 

(c) The linear model fits the data better; Answers will vary. 

(d) Linear: 6.50 billion; Exponential: 6.58 billion 

6
450

  17 

(c) The logarithmic model is better. It will continue to be 
better if growth of healthcare costs is slowed. 

73. (a) yi  = -1.81x3  + 14.58x 2  + 16.39x + 10.00 

Y2 = 23.07 + 121.08 ln x 

y3  = 38.38(1.4227)x 

(b) 260 

6 

260 

325 

It After 
. ears 

(c) 

(b) y = -837.7 + 673.619 ln x 63.  y = l e0.576x 
1100 

o 
o 

Cubic model 

71. (a) y = 298.794(1.085)x 

1100 

$16,912 
;9995 

6 

7 



19. . 21. 

5 

4 

4 
3 

11. 13. 

15. 17. 

-4 -3 -2 2 3 

540 12 

-60 

y = 200, x = 0 

0.069 29. 369.355 

-2 

y = 0, y =- 10 

Y= 8 
25. 

 

1 10 20 

P $184,623.27 $89,865.79 $40,379.30 

t 30 40 50 

P $18,143.59 $8152.44 $3663.13 

25  120 

A92 Answers to Odd-Numbered Exercises and Tests 

(c) x y y - Yi (y - Yi)2 Y - Y2 (y - Y2)2 

1 40 0.84 0.71 16.93 286.62 

2 85 -1.62 2.62 -22.00 483.84 

3 140 -1.52 2.31 -16.09 258.89 

4 200 7.00 49.00 9.08 82.40 

5 225 -5.20 27.04 7.06 49.83 

6 245 2.74 7.51 4.98 24.84 

x y - y3 (y - Y3)2 

1 -14.60 213.25 

2 7.32 53.52 

3 29.48 869.01 

4 42.76 1828.56 

5 1.30 1.68 

6 -73.26 5367.34 

(d) y1: 89.19; y2: 1186.42; y3: 8333.36 

Cubic model 

(e) Sum of the squares of the errors 

75. False. For example, y - 
1 + 2e-(15x 

3 
does not have an 

x-intercept. 

77. True 79. 

83. (d); (0, 3) 

87. 
2x2 

+ 3 + 

89. 

(b); 

85. 

3 

23. 

(0, -3), (, 0) 81. (f); (0, 25), (, 0) 

4x2  - 12x + 9, x t -4 

25 
91. 

x - 4 

   

A 

        

12 

         

10 - 

        

8 - 

     

27. 

  

6 - 

     

31. 

  

4 - 

        

2 

                 

1 
-6 

1 
-4 

1 
-2 

1 
2 

I 

4 
I 

6 
X 

   

Review Exercises (page 275) 

1. 10.325 3. 0.201 5. (e) 7. (b) 9. (d) 



33. (a) 26,000 (b) $14,625 

15 

49. 51. 

ln 44 
97. - -0.757 

101. log, 17 1.760 103. ln 5 •=--- 1.609,1n 2 = 0.693 

99. 1n22 3.091 

-2 
-3 
-4 

2 
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(c) When it is first sold; Yes; Answers will vary. 79. ln(x2  + 1) + 1n(x - 1) 81. log2  5x 

83. in 
,/ 2x - 1  

85. in 3 V4 - x2  

87. (a) 60 

2    15 

h 4 6 8 10 12 14 

s 38 33 30 27 25 23 

(x + 1)2 

(b) 

105. -le i 1213.650 107. 10 15/2  ---=•• 452.011 

109. 3e2 22.167 111. e4  - 1 53.598 

113. No solution 115. 117. 15.2 years 

119. (e) 121. (f) 123. (a) 125. 2025 

127. (a) 5.78% (b) $10,595.03 (c) 5.95% 

129. (a) 7.7 weeks (b) 13.3 weeks 
15 131.  y = 2e0.1014X 133.  y = .1e0.4605.6 

135. y = 234.684(0.8746)x 

53, 55. 

3 3 

3 

137. True 139. False. ln(xy) = hi x + In y 141. True 

5 
4 

-1 r  I 2 3 4 5 6 7 8 9 

275 - 00 < X < oo 

57. 7 59. -18 

61. (a) 0 h < 18,000 

(b) 1oo  

x 0 

20,000 0 
o  

h = 18,000 

(c) The time required to further increase its altitude 
increases. 

(d) 5.46 minutes 

63. 1.585 65. 2.132 67. 1n4 + 1n5 

69. In 5 - 3 In 4 71. 1.6542 73. 0.2823 

75. 1 + 2 log, x 77. log,o  5 + logio  y - 2 logio  x 

(c) The decrease in productivity starts to level off. 

89. 3 91. -3 93. 2401 95. In 12 2.485 

35. log4  64 = 3 

41. 3 43. A 

45. y 

9 

37. log25  125 = 39. -0.34 

47. 



9 9 

5. 10 

-2 

2. 1200 

100 100 

7. 2 8. -3 

16. 

A94 Answers to Odd-Numbered Exercises and Tests 

Doma 

x-inte. 

Verti c 

Horizt 

24. 6 

29, 8772.c 

32. 

9. 14.955 

12. $10,204 

14. (a) 300 

10. 18.447 11. -3.975 

13. (a) 0.154 (b) 0.487 (c) 0.811 

(b) 570 (c) At the end of the 8th year 

(c) The graph of g can be obtained by shifting the graph of 
y 2 units left. 

-53 8. * 7 9. -79 10. 42 

(- oo, 1) u (1, oo) 12. f -1(x) = x2  + 2, x 0 

Vertex: (, - 4-82);  Intercepts: (-1, 0), (I, 0), (0, -5) 

y = x2  + 6x + 9 

2 5 0 7 -6 
-6 3 -9 6 

2 -1 3 -2 0 

A remainder of 0 indicates that (x + 3) is a factor. 

(-5+41) 
• 

3 
2 -

I 

11111111 IlY 
-8 -7 -6 -5 -4 -3 -2 -I - 1 2 

Real 
axis 

36. 1.892 

43. 3.811 

47. 16.558 

15. (c); it passes through the point (0, 0). Symmetric to the 
y-axis, and y = 6 is a horizontal asymptote. 

16. y = 6.775(1.361)x 

60 

Imaginary 
aids 

7 - 
6 - 
5 - 

17. 4 - 

20. 29 
us 

23. 

Cumulative Test for Chapters 1-3 
(page 281) 

1. The graph does not represent y as a function of x h eca 
for many values of x there correspond two values of y. 

2. (a) (b) No solution (c) 1 + -
2 

3. (a) - 13 (b) -14 (c) -8 

4. 6 

/   

8   16 

-10 

Decreasing: (- no, 5) 

Increasing: (5, co) 

Relative maximum: (-0.41, 5.27) 

Relative minimum: (0.41, 4.73) 

6. (a) The graph of r is a vertical shrink of the graph of ) 

(b) The graph of h can be obtained by shifting the graph of 
y 2 units up. 

Chapter Test (page 280) 

1. 

-200 

y = 0, y = 1000 

3. $40,386.38 

5. 

6 - 

4 

2 

4. 43  = 64 

.
(<7  

4 6 8 10 

-6 

6. In 6 + 2 In x - ln(x2  + 1) 

-2 
-2 
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